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Abstract. The harmonic index H(G) of a graph G is the sum of ———— over
d(u) + dv)
all edges uv of G, where d(u) denotes the degree of a vertex u in G. In this paper, we
give the minimum value of H(G) for graphs G with given minimum degree 6(G) > 2 and
characterize the corresponding extremal graph. Furthermore, we prove a best-possible
lower bound on the harmonic index of a triangle-free graph G with arbitrary minimum

degree 6(G).
Key words: Harmonic index; triangle-free graph; minimum degree.

AMS subject classification: 05C35

1. Introduction

All graphs G = (V, E) will be finite, undirected and simple. The degree and the neighbor-
hood of a vertex u € V will be denoted by d(«) and N(u), respectively. The minimum degree
of a graph G is denoted by 6(G). The graph that arises from G by deleting the vertex u € V or
the edge uv € E will be denoted by G — u or G — uv, respectively. Finally, the graph G + uv
arises from G by adding an edge uv ¢ E between the endpoints u, v e V.
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The Randi¢ index of an organic molecule whose molecular graph is G was introduced by
the chemist Milan Randi¢ in 1975 [5] as

1
RG) = Z Vadwdw)’

where the summation goes over all edges uv of G. This topological index is one of the most
popular molecular descriptors, the mathematical properties of this descriptor have also been
studied extensively (see recent books [3],[5], [6]).

In this paper, we consider another variant of the Randi¢ index, named the harmonic index.
For a graph G, the harmonic index H(G) is defined (see [1]) as

2
HG = ), Tovdwr

uveE(G)

The term m will be called the weight of the edge uv € E.

There are many different kinds of chemical indices. Different indices have different use
in chemistry. And there are good correlations between indices and several physicochemical
properties of alkanes: boiling points, surface areas, energy levels, etc. Recently, finding
bounds for indices of a given class of graphs, as well as related problem of finding the graphs
with extremal indices, attracted the attention of many researchers, and many results have been
obtained.

The relation between the harmonic index and the eigenvalues of graphs was considered
in [2]. In [8], [9], [10] and [11], the authors presented the minimum and maximum values of
harmonic index on simple connected graphs, trees, unicyclic graphs and graphs with given
number of pendant vertices and diameter respectively. In [4] and [7], the authors established
some relationships between harmonic index and several other topological indices.

In this paper, we give the minimum value of H(G) for graphs G with given minimum
degree 6(G) > 2 and characterize the corresponding extremal graph. Furthermore, we prove
a best-possible lower bound on the harmonic index of a triangle-free graph G with arbitrary

minimum degree 6(G).

2. The minimum value of H(G) for graphs G with 6(G) > 2
Lemma 2.1. Let uv be an edge of maximal weight in a graph G. Then
H(G — uwv) < H(G).

Proof. Consider the edge e = uv with maximal weight among all edges of G. Let d(u«) = p
and d(v) = g. Denote N(u) = {v, x1, -+, x,—1} and N(v) = {u, y1, - -+, yg-1}. Note that we
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allow x; = y; for some vertices x; and y;. Then by using p+¢g < p+d(x;) and p+g < g+d(y;),
we have

H(G) - H(G - wv)

p= q-
[p+q Z +d(x, Z +d(yj]

=1 =1

p—1 o) ‘I_] 2
_([Z;p— 1 +d(x) +JZJ qg-1 +d(y]')]

2 2
p+q S (p+d)(p—1+d(x))

Z (g+ d(y,))(q = 1+d(y))
2 . 2p+q-2)
p+tq (p+gp+qg-1)

The unique graph which arises from a complete bipartite graph K;,,—s by joining each pair

of vertices in the part with ¢ vertices by a new edge will be denoted by K And for x > 3,

leth(x)=4(1— 3 )+ !

x+1 x=1

6n§

Theorem 2.2. Let G = (V, E) be a graph of order n > 4 with 6(G) > 2. Then
H(G) > h(n)

with equality if and only if G = K .

Proof. We use mathematical induction on the order of graphs to prove the theorem.

When n = 4, there are only three graphs with 6(G) > 2: K;, K22, K4. And it is easy to
verify that H(G) > h(4) and H(G) = h(4) if and only if G =

Let n > 5 and suppose that the property holds for all graphs of order at most n — 1. If
there exist graphs of order n with H(G) < h(n), we choose such graph G among these graphs

with minimal harmonic index.

If 6(G) > 2, by Lemma 2.1, the deletion of an edge with maximal weight yields a graph
G’ of minimum degree at least 2 and with H(G") < H(G), a contradiction. Hence 6(G) = 2

Claim 1. For any vertex x € V of degree 2 with N(x) = {y, z}, we have yz € E.

Proof. If yz ¢ E, by the induction hypothesis we have H(G") > h(n — 1), G’ = G — x + yz. For
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2<d=dy)<n-2,2<d, =d(z) <n-2wehave

H(G)

\%

\

2 N 2 N 2
d|+d2 d1+2 d2+2
2 2 2

d+d di+2 dry+2
4n=3) 1 2

H(G) -

h(n - 1)

n n-2 n
3 1 1 12 1 10
4|1 - + + + - - —
n+1 n—-1 n-2 n+l n-1 n
2
Zn(n—%) +%n—20
(n+ Dnn-1)(n-2)

h(n) + > h(n),

which is a contradiction. O

Claim 2. For any vertex u € V of degree 2 with N(u) = {x, y}, we have d(x) > 3, d(y) > 3.

Proof. Let d(x) = 2. We have 2 < d = d(y) < n— 1. Now we consider the following cases.

Casel.d = 2.

In this case, n > 6. By the induction hypothesis, the graph G’ = G — u — x — y satisfies

H(G') > h(n — 1) and

HG) =

H(G’)+%2h(n—3)+%

> 411- 3 + +=>4(1 -
n—2 n—-4 2 n-2" n-1 2

= 41 - 3 )+

n+1

3
= h(n)+ =
a contradiction.

Case 2. d = 3.

n—1

- >
2 i+ DH(n-2)

In this case, we assume that N(y) = {u, x, z}. By Claim 1, we have &’ = d(z) > 3. It

follows that n > 6. Denote N(z) = {y, wy, - -

, wg—1}. By the induction hypothesis we have
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HG)2hn-3),G'=G-u—-x—-y. Andford' <n-2,d,, > 2, we have

HG) = H@G)+ ) 2 - 2 PN S
- Ld+dw) Sd-1+dw) 2 5 3+d
14 2 Q 2

> - -y

2 MmN S S T L@ dwon@ — 1+ dien)
3 Lo,14 2d +5)

> —_

= 4(1 n—2)+ 225 T @A D@+ B+ d)
3 L1 4, 2m+)

g 4(1 n_2)+ s T - D+

_ aly 3 . 1 +13+ 12 12 s 2(n +3)
h n—-1 10 n+l1 n=-2 @m-Dnm+1

n+1
13 34n% —38n+ 12 13 12
= h _— — ——>h
D+ 0~ == D+ 1) = "W+ 10 T 10 7 M-
. . 2(d’' +5) 2(n+3) . .
Th lit > hold the funct =
e inequality @ID@ 120G +d) = =Dt 1) olds since the function f(x)

2(x+5
= o 1)((;+ 2))(x ) is monotonously decreasing in x and 3 < d’ < n — 2. The inequality
34n% —38n+ 12 12 34x? - 38x+ 12
- > hold the functi
=2 Dan+ 1) = 10 holds since the function g(x) = —=—7 r—rr T i
monotonously increasing in x and n > 6.
Case 3. d > 4.
In this case, we have n > 5. Let N(y) = {u, x, uy, ---, ug—}. The graphG’ =G —u — x

satisfies H(G") > h(n — 2) by the induction hypothesis and ford <n — 1, d,, > 2,we have

2 1 4

d-2 -
, 2
HG) H(G)+;d+d(u,-)_2d—2+d(ui)+§+2+d

\%

d-2
Z (d + d(u; ))(d 2 + d(u;))

3 Lot
af1- -
( n—1)+ 3727 (d+2)

1 (12 8
B h(”)+§+(n+1 n—l) ( n—1)+d(d+2)

1 16 1 14n — 50
h(n)+§_n2—1+(n—3)(n— D h()+ —(2_1)(n_3)>h(n).

14n - 50 1 14x - 50
The inequality _TOY < holds since the function ———~— >~ is monoton-
m-DHn-3) 2 (x2 - 1(x-3)
ously decreasing in x and n > 5. Then H(G) > h(n) for n > 5, a contradiction.

1
h(l’l—2)+§

\

[\
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Therefore, all cases lead to a contradiction. Then d(x) > 3. By symmetry, d(y) > 3. The
proof of Claim 2 is completed. O
Now let u € V with d(u) = 2 and N(u) = {11, up}. By Claim 2, we have d; = d(u;) >

3, dy = d(up) 2 3. Let N(uy) = {u, up, v1, -+, vgy-2} and N(ua) = {u, uy, v}, -+, v ,}
Then
dy-2 dr-2
2 2 2 2 2
HG) - HG —u) = . .
@) - HG - d1+2+d2+2+d1+d2+;d1+d(v,~)+;d2+d(v;)
di—1+dy—1 &Lidi—1+dw) &idy—1+dW)
2 2 4 2d; - 2)
d+2 d+2 di+d)di+dr—-2) @ +1)(d+2)
2 -2
(dr + 1)(dr +2)
_ 6 N 6 B 4
(di+1)(d1 +2) (da+1D(da+2) (di+do)dy+dr—2)
6 6 4
Let f(dy,d>) = _ .
) = D@+ D T @ DD @+ do)ds 4 dr D)
Then
9 6 6 2 2
a7 d7d = - - s
o0 G T @A G d -2 @ do)
o a 4 4
—— — f(dy,d») = - 0.
aad, B = G T U
So
9 9 6 4 2
a7 d3d S_ d,3 = - —_
6d1f(1 2) adlf(l) d +22 (dy+ 12 (d +3)?

—4d3 — 4247 — 120d; - 98
(dr + D2y + 2)%(dy +3)°

0
By symmetry, a—dzf(dl,dz) <0.
12 1 1
= + -
nn+l) n-1 n-=-2

Hence f(dy,d>) > f(n—1,n-1)
and

12 1

H(G)ZH(G_M)+f(d1’d2)Zh(n_1)+n(n+1)+n—1 "

= h(n).

H(G) = h(n) implies that equality holds in the above inequality, that is G = K} Con-

2.n-2"
versely, it is obvious that H(K;n_z) =h(m). 0O
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3. The minimum value of H(G) for triangle-free graphs G

In this part, we consider triangle-free graphs. and we get a lower bound on H(G) in terms
of § by a new method.

An edge of G, connecting a vertex of degree i with a vertex of degree j will be called an
(i, j)-edge. The number of (i, j)-edges will be denoted by x; ;.

Lemma 3.1. The harmonic index of a graph G without isolated vertices can be rewritten

2 n 1 1 1 4
HO= ), vdw =273, 2 (7*}‘?,—)’%-

uveE(G) 1<i<j<n-1

as

Proof. H(G) can be rewritten as
H(G) § i § il nil i
= = + .
i+ i+ — i

1<i<j<n—1 1<i<j<n-1

Xij+ 2)6,",' = in;, that

Denote by n; the number of vertices of G having degree i. Then }_; ;.;

1 n
== ij 22X |-
] i[z ]

is,

j=1,j#i
We have ny +ny +--- +n,_1 =nand x; ; = x;;, S0
n—1
1 1 X,",'
Z -+ = x,»j+2Z—.=n.
g 1
1<i<j<n-1 i=1

1 1 4
It follows that n — 2H(G) = Z (—, + = - T) X; j, that is,
i j i+]

I<i<j<n-1

n 1 1 1 4
HG) =5 -5 (—.+—.—f)xi,j- O
2 leiqzslnl Lot
Theorem 3.2. Let G = (V, E) be a triangle-free graph of order n with §(G) > k > 1.
Then

HG) > 2k(nn— k)

with equality if and only if G = Ky .

Proof. Let m be the number of edges of G. If m > k(n — k), since G is triangle-free, we have

2k(n —k
d(u) + d(v) < n for any edge uv € E and H(G) > L and equality is not possible.
n
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Hence we may assume that m < k(n — k). For G is triangle-free, the maximum degree of G is

at most n — 6. By Lemma 3.1, H(G) can be rewritten as

HG) = n 1 1+1 4 N
2 26£i<j5n—6i Joiti x”
n 1 (1 1 4) n 1 (4 n )
2 -3 Tt———|Xj=5+53 == ~ | Xi,j
2 2651‘;:151 n—i n 2 26Sl_<zj;4n5 n  i(n—1i
,on,l (‘_‘_L)x.._ﬁ_ﬂw
-2 seiits\n S =) T2 2 n(n - 6)
. on_ k(n — k) (n — 26)*
2 2 né(n-9)
n k(n — k) (n — 2k)? _ 2k(n—k)
2 2 nk(n-k) n

4 1
The first inequality holds since the function Pl is monotonously decreasing in j for
1ty J

- — is monotonously
i(n—i
: N . n . . . . (n=26)" .
increasing in i for § < i < —. The last inequality holds since the function _ﬂ is
né(n —

j>iand j < n—i. The second inequality holds since the function —

\S]

monotonously increasing in ¢ and k < ¢ < L
In the above inequality chain equality holds throughout if and only if m = k(n—k) = Xt -,
which implies that G = K ;. O
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