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Abstract. The sum-connectivity index of graph G is defined as the sum of
the weights of the edges of G, where the weight of an edge wv of G is (dg(u) +
dc(v))fé with dg(u) being the degree of vertex w in G. We determine the
n-vertex trees with the fourth for n > 7, the fifth for n > 10, the sixth, and the
seventh for n > 11 maximum sum-connectivity indices, and the n-vertex trees
with the fourth, the fifth, the sixth, and the seventh for n > 8, and the eighth
for n > 13 minimum sum-connectivity indices.

1. Introduction

Let G be a simple graph with vertex set V(G) and edge set E(G). For u € V(G),
let dg(u) or d(u) denote the degree of u in G. The Randi¢ connectivity index (or
product-connectivity index) of G is defined as [4]

1
R(G) = —_—.
( ) u'uezE:(G) \ dG(U)dG(U)

The Randié¢ connectivity index is one of the most successful molecular descriptors in
structure-property and structure-activity relationships studies, see [4, 5, 6].

A variant of Randi¢ connectivity index is the sum-connectivity index. For a graph
G, it is defined as [10]

1
G) = .
X(G) MGXE:(G) Vo) + da(0)
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The use of sum-connectivity index in structure-property and structure-activity rela-
tionships studies has been investigated in [2, 3, 7]. Some mathematical properties
of the sum-connectivity index have also been established, see [1, 8, 9, 10] and the
survey [3]. In particular, the trees with the first three minimum and maximum sum-
connectivity indices were determined in [10].

In this paper, we determine the n-vertex trees with the fourth for n > 7, the fifth
for n > 10, the sixth, and the seventh for n > 11 maximum sum-connectivity indices,
and the n-vertex trees with the fourth, the fifth, the sixth, and the seventh for n > 8,
and the eighth for n > 13 minimum sum-connectivity indices.

2. Lemmas

A path wjusg...u, in a graph G is said to be a pendant path at uq if dg(uy) >
3,dg(u;) =2fori=2,...,r—1, and dg(u,) = 1. Let Ng(u) be the set of neighbors
of vertex u in G.

We need some lemmas that will be used later.

Lemma 1. [10] Let @Q be a connected graph with at least two vertices. For integers
a,b with a > b > 1, let Gy be the graph obtained from Q by attaching two paths P,
and Py to u € V(Q), Ga be the graph obtained from Q by attaching a path P,y to
u € V(Q), then x(G2) > x(G1).

Lemma 2. Forn > 6, let T be an n-vertex tree with exactly five pendant paths, then

n—13 2 5
T)< ——+—=+—+ 5.
R RN RN

Proof. Denote by A the maximum degree of T. Clearly, A = 3,4,5. Let ¢(n) =

n—13 2 5
=———+-—+-=+V5.
2 V6 V3

Case 1. A = 5. Obviously, T' is a tree obtained by attaching five paths to a single
vertex. Denote by s the number of pendant paths of length one in 7. Note that

<
< ¢(n).

Case 2. A = 4. Then T is a tree obtained by attaching two and three paths to the
two end vertices say u and v of a path, respectively. Denote by s (s2, respectively)
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1
the number of pendant paths of length one at u (v, respectively). Note that — +

V5
11 1 1

- — — = <0and1-— < 0. Ifuv € E(T), then n > 7 and
2 V6V v )

X(T) = %+(2—sl) (\}54‘\}3)"‘\%4‘\8/254-(3—52) (\}6+\}§>
n=1-2-2-5)—1-3-(3-5)
2

1 1 1 1 1 1
- (s ()
+n712+i+i 2 5
2 Vit TVB s
-2 VToV6 VB V3 ’

and if uv € E(T'), then n > 8 and

S1 1 1 1 1 So
x(T) = 2+(2_$1)<\/5+\/?§>+¢5+¢6+¢5
+(3_52)(\}a+\}3) n-1-2-2-s)"2-3-3-%)

2
gy )

< o(n).
RGN
Case 3. A = 3. Then there are exactly three vertices say uj, us and ug with

maximum degree three in 7. Suppose without loss of generality that uy lies in the
path from u; to us. Denote by ¢; the number of pendant paths of length one at u;,

1 1
where i = 1,2,3. Note that 1 — — — — < 0. If uyus, ugus € E(T), then n > 8 and

VERRVE]
= o) et o-a(e )

i 2 2 t) _ L
+\/6+2+<_3(\/5+\/§>
n—1-2—-2—-t;)—1-1—(1—t))—1-2—(2—1t3)
+ 2
1
= (1ff>(t1+t2+t3)

B2 0 LB
2 V6 V3
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n—13 2 5
< = +%+%+x/5=¢(n),

if uyug € E(T) and ugus & E(T), or if uyus € E(T) and usus € E(T), then n > 9
and

1t 1 1
+%+5+(2—t3) (\/5+\/§>
n—1-2—(2—t)-2-1—(1—t3)—1—-2—(2—t3)
+ 2

_ (1 \}g f>(t1+tg+t3)

n—14 1 7 5
t—+—=+—

KA
< n—14 1 7 (n),
< GtV

and if ujug, ugus & E(T), then n > 10 and

tq

0 = (G ) oo (e )

2ty 1
+ﬁ+§+(27t3) (\/S+\/§>
n—1-2—(2—t))—2-1—(1—t)—2-2—(2—t3)
2

1
= (1- (t1 4+ t2 + t3)
(-%5-%)
n— 15 9 5

2 VERVE]
B L I N
-2 VERRVE]
The result follows by combining Cases 1-3. O

3. The trees with large sum-connectivity indices

The trees with the first three maximum sum-connectivity indices have been de-
termined in [10].

Lemma 3. [10] Among the trees with n vertices,

(i) for n > 4, P, is the unique tree with the maximum sum-connectivity indez,
n—3 2
2 TV

which is equal to
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(ii) for n > 7, the trees with a single vertex of maximum degree three, each of
which is adjacent to three vertices of degree two and without vertices of degree at least
four are the unique trees with the second maximum sum-connectivity index, which is

3
3 .
Tt R V3;
(#ii) for n > 7, the trees with a single vertex of mazimum degree three, adjacent to

two vertices of degree two and one vertex of degree one, and without vertices of degree
at least four are the unique trees with the third maximum sum-connectivity indez,

n
equal to

hich is equal to —— + — +
which is equal to —— + — + —.
2 Vb V3
Now we extend the above results to determine the trees with the fourth, the fifth,
the sixth and the seventh maximum sum-connectivity indices.

Theorem 1. Among the trees with n vertices,
(i) for n > 7, the trees with a single vertex of maximum degree three, adjacent to

one vertex of degree two and two vertices of degree one are the trees with the fourth
1 1

— 3
(ii) for n > 10, the trees with exactly two adjacent vertzces of maximum degree

three, each of which is adjacent to two vertices of degree two are the trees with the
n—10 1 4 4

——t =t =+ —;
2 V6 V6 V3
(i) for n > 11, the trees with exactly two nonadjacent vertices of maximum degree

three, each of which is adjacent to three vertices of degree two are the trees with the

) . S L n—11
sizth maximum sum-connectivity index, which is equal to —— + — + —;
2 V5 V3
(iv) for n > 11, the trees with exactly two adjacent vertices of maximum degree
three, one of which is adjacent to two vertices of degree two, and the other one is

adjacent to one vertex of degree two and one vertex of degree one are the trees with

mazimum sum-connectivity index, which is equal to L2

fifth mazimum sum-connectivity index, which is equal to

the seventh maximum sum-connectivity index, which is equal to +/3.

2\fxf

Proof. Let T be an n-vertex tree different from the trees with the first three maximum
e . n—=8
sum—connectlwty indices as shown in Lemma 3, where n > 7. Let p(n) = 5 +
1
+V3.
\/7 \/7

Case 1. There are at least five pendant paths in 7. By Lemmas 1 and 2, x(T") <

n— 13 2
S5t EtETt V5 < p(n).
Case 2. There are exactly three pendant paths in T. Then T is a tree with a single
vertex of maximum degree three, each is adjacent to one vertex of degree two and two
n—3
vertices of degree one, whose sum-connectivity index is equal to —— 4+ — + — >
2 vh V3
e(n).
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Case 3. There are exactly four pendant paths in 7. Denote by ¢ the number of
pendant paths of the length at least two in T'. If there is a single vertex of degree
four in T, then T is a tree obtained by attaching ¢ paths with at least two vertices
and 4 — g pendant vertices to a single vertex, and thus

4—q n—1-—2q¢—(4—q)
n—5 4
< —— +—=+0.04
2 V5 e
n—>5 4
< 4+ —=+4+0.04 x4
2 V5
< p(n).

Suppose that there are exactly two vertices, say u, v

Case 3.1. uv € E(T). Then

, of maximum degree three in T'.

1 1 4—q 1 n—1-2¢—(4—¢q)—1
T) = (=+—=)a+—"+—=+
= ()it 2
L)
T T \vs e )Y
If g =1,2, then
n—2 1 1 1
T) = S+ (—=+5-1
) = e (G5
<2201 oo
2 e M
< "2 L hoesxe
= 92 \/6 .
< p(n).
n— 10 1 4 4
Ifq=4,thenn>10and x(T) = —+ —=+ —= 4+ — > p(n). If ¢ = 3, then
q 8><(1) 5 T EY A p(n). If g
n—
n>9and x(T) = +V3=p(n
TR )
Case 3.2. uv € E(T). Then
1 1 4—q 2 n—1—-2¢—(4—¢q)—2
T) = (—=+—F%)g+—"+-F%+
W = (Frg)e T 2
— B+l+ L_i_i 1
T2 s s wvs )"
If g =1,2,3, then
n—3 2 1 1
T) = +—=+|—=+-5-1
an = PP ()
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n—3 2
< + — +0.025
2 /5 ¢
n—3 2
< ——4+—=4+0.025x3
2 V5
< (n).
n—11 6 4
Ifg=4,thenn>1land x(T) = —— + — 4+ —= > ¢(n).
q x(T) 5 YA ¢(n)
— 1 1
By combining Cases 1-3, if X(T) > p(n), then X(T) can only be nT?) + 7 + 7
10 1 4 11 6
forn > 7, for n > 10, forn > 9, and
82 . ‘[3 \f \f 2 \f f
n—
n) = + — 4+ —— + V3 for n > 11. Tt is easily checked that
¢(n) 5 %t > y
n=3 L1 m=10 1 4
2 V5 V3 2 \/6 V5 V3
no1l 6 4
2 5 \/§
n—2_8 1 3
+—=+-=+V3.
2 V6 V5
Now the result follows from Lemma 3. O

4. The trees with small sum-connectivity indices

First we present the following transformation.

Lemma 4. Let H be a connected graph with u,v € V(H) such that dg(u) = dg(v) =
t > 1. Let H,p be the graph obtained from H by attaching a and b pendant vertices
to u and v, respectively. Let r = max{dg(w) : w € Ng(u)}, and s = min{dy(w) :
we Ny} Ifr<sanda>b>1, then x(Hor1,0-1) < X(Hap)-

Proof. Tt is easily seen that

X(Hav1,0-1) — X(Hap) =
a-‘—l _ a + b—l - b
Va+t+2 Va+it+1 b+t Vb+i+1

n Z 1 1
Vigw) tati+1  dg(w) fatt

1 1
’ Z(u) <\/dH(w)+b+t—1 - \/dH(w)+b+t>
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a+1 B a +b—1_ b
Va+t+2 Vatt+1 b+t Vb+t+1

1 1
+t —
(¢a+t+r+1 ¢a+t+r>

1 1
+t - )
(¢b+t+s—1 ¢b+t+s>

t
For fixed t > 1, let f(x,y) = \/xft+1 + NS T where z > 1,y > 1. Then

> f(z,y)

ZT 5
=—(FFt+DE+t+1)72 +

and 5
*f(x,y)
Ozdy

_5
2

3
:Zﬂx+t+m > 0.

Thus 8]‘(8937 v)

x
by Lagrange’s Mean Value Theorem, for some a; € (a,a + 1) and by € (b—1,b),

X(Hag1,0-1) — x(Hap)

is strictly decreasing for x > 1, and strictly increasing for y > 1. Now

< (lat1,7) = fla,r) = (Fb,s) — f(b—1,5))
~ Of(x,r) of (z,s)
N ox o—a, - Ox o—b,
of (z,s) of (z,s)
= or  |,_,. Oz o—b; <0,
from which we have x(Hg41,0—1) < X(Hap)- O

Let T}, (n1,mn2,n3) be the n-vertex tree obtained from Ps = vgv;v2v3v4 by attaching
n; pendant vertices to v; for i = 1,2, 3, where ny +ns +n3 —5, ny >nz >0, no > 0.

Lemma 5. Let T = T,(ny,n2,n3), where ng +ng +n3 —5, ny > nzg >0, ng >0
and n > 7. If (n1,n9,n3) # (n —5,0,0),(0,n — 5,0),(n — 6,0,1), then x(T) >
X(Tn(n—6,0,1)).

Proof. By Lemma 4, if ny = 0, then x(T') > x(T\,(n — 6,0,1)), and if ny > 1, then

X(T’ﬂ(n_6a170)) for ni +TL3 2”27

T) > x(T,(n1 + n3g,no,0)) >
X(T) 2 x(Talm +ng,nz,0)) {X(Tn(l,nG,O)) for n1 + n3 < no.
By direct calculation,

X(Tn(n -6, 170)) - X(Tn(n —6,0, 1))

S E LI S
- \WVn=3 Vvn-1 V5 2 3
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n—>5 1 1
- + +—=+1
(\/n—3 Vn—2 5 )
1 1 1 1

= - +——-—=>0
Vvn—1 Vn—-2 3 2
and
X(Tn(lan - 6a0)) - X(Tn(n - 670a 1))
B (n—6 P S S 1)
N Vvn—=3 Vn—-2 +n-1 V3
—(n_5 - +1+1>
vVn=3 Vn—-2 5
1 1 1 1
- + 4+ —-—>0.
Vn=3 Vn—-1 3 5
Then the result follows easily. O
Lemma 6. For xz > 6, let
xz—6 x—5 1 1
= — - +7’
hiw) Vr—4 V-3 V-2 Vzx
xz—5 z—6 2
f2(@) = V-3 JVr—-2 +Va-1
r—5 r—4 1 1
= f— J— +7,
B = == asi Ve
(@) x—5 x—5 2 n 1
r) = — — —_.
‘ Vi-3 V-2 JVi-1 Jz

Then f;(x) is strictly increasing for all i =1,2,3,4.

Proof. We only show that f;(z) is increasing for > 6. The proof for the other three
cases is similar.

3
Let g1(z) =

1 1 2
e RV B

T
- - . Then g (z) =
Ve—4 V-2 Jx-1 91(x) 4
2)’g — Z(m - 1)*% < 0, and thus g, (z) is strictly decreasing for = > 6. It is ecasily

checked that fi(x) = ¢g1(x) — g1(x + 1). Now we have f](z) = gi(z) —gi(z + 1) > 0,
i.e., fi(zx) is strictly increasing for x > 6. O

Let S, be the n-vertex tree formed by attaching p — 1 pendant vertices to an
end vertex of the path P,_, 1.

Lemma 7. [10] Let T be a tree with n vertices and p pendant vertices, where 3 <
p<n-—2. Then

x(T) >

+ +—+
VP+2 Vp+1 V3

with equality if and only if T = S, ,.

1 p—1 1 n—p—2
2
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Lemma 8. [I1] Let G be a connected graph with uwv € E(G), where dg(u), dg(v) > 2,
and u and v have no common neighbor in G. Let G1 be the graph obtained from G
by deleting the edge uv, identifying u and v, which is denoted by w, and attaching a
pendent vertex to w. Then x(G) > x(G1).

Let 75, o be the n-vertex tree obtained by attaching a and n—a—2 pendant vertices
to the two vertices of an edge, respectively, where a > n —a — 2, i.e.,, [(n —2)/2] <
a<n-—3.

Lemma 9. /10/ X(Tn,nf?)) < X(Tn,nf4) <... < X(Tn,[(n72)/2"|)

The trees with the first three minimum sum-connectivity indices have been deter-
mined in [10].

Lemma 10. [10] Among the trees with n vertices, for n > 4, Sy n—1 = S, and
Snon—2 = Ty, n—3 are, respectively, the unique trees with the minimum and the sec-

ond minimum sum-connectivity indices, which are, respectively, equal to —— and

Vn
n=3 Y L hile forn > 6, T, 4 is the unique tree with the third mini
———+—+——, while forn _4 18 the unique tree wi e third minimum
\/m \/ﬁ \/3) - ) n,n 4 4 (i
n—
sum-connectivity index, which is equal t0 —— + — + 1.
Y 1 Vn—2 /n
Now we extend the above results to determine the trees with the fourth, the fifth,
the sixth, the seventh, and the eighth minimum sum-connectivity indices.

Theorem 2. Among the trees with n vertices, for n > 6.

(i) For n = 6, Ts(1,0,0), and Ts(0,1,0) are respectively the unique trees with

the fourth, and the fifth minimum sum-connectivity indices, which are equal to
1 1

2 2 1

=t and =+ =+,

Vb V32 Vb V32

(i) Forn =7,T(2,0,0), T7(0,2,0), and T7(1,0, 1) are respectively the unique trees
with the fourth, the fifth, and the sizth minimum sum-connectivity indices, which

1 2 2 2
bt i+, =t =+ =, and ——
V6 Vs 2 V3 V6 VB VB V5
(iii) For n = 8,9, Tp, n—5, Tn(n —5,0,0), T,,(0,n — 5,0), and T,,(n — 6,0,1) are

respectively, the unique trees with the fourth, the fifth, the sizth and the seventh
n—>5 1 3

-+ =+ =,
\/n—35 \/ﬁl V5
_|_

respectively;

are equal to + 2, respectively;

minimum sum-connectivity indices, which are equal to
n—4 . 1 n 1 . 1 n-5 . 2 n 2 d n
-+ —, —, an
Vn—-2 vn—-1 2 3 Vvn-2 Vn—-1 3 n—3 n—2
1
+— + 1, respectively;
NG peenuey
(iv) Forn =10,11,12, T,,(n—5,0,0), T), n—5, T5(0,n—5,0), and T, ,,_¢ are respec-

tively, the unique trees with the fourth, the fifth, the sizth and the seventh mini-
1 1 1

n—4
+ +o+—,
Vn—=2 vn—-1 2 /3

mum sum-connectivity indices, which are equal to
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n—>5 1 3 n—>5 2 2 n—=~6 1 4
and

+—=+—, + +—, +—=+—,
Vn—=3 Vvn V5 Vvn—-2 Vn—1 /3 Vn—4 vn o 6
tively, and Tia5 s the unique tree with the eighth minimum sum-connectivity
1 10
I + 7"
V12 VT
(v) Forn > 13, T,(n—5,0,0), T,,(0,n—5,0), and T), ,,—5 are respectively, the unique
trees with the fourth, the fifth, the sizth minimum sum-connectivity indices,
n—4 N 1 . 1 n 1 n-5 n 2 n 2 J
-+ —, —, an
Vn—2 Vn—-1 2 3 yn—-2 Vn—-1 /3
n—> 1 3
—t =t =,
Vn—=3 Vvn V5

(vi) For n = 13,14,15, T,, ,—¢ is the unique tree with the seventh minimum sum-

n-6 1,2 d for n > 16
— + — + —, and for n > 16,
Vn—4  n V6

T.(n —6,0,1) is the unique tree with the seventh minimum sum-connectivity
1 1

n—>5
Vvn—=3 Vn—-2 5
(vii) For n = 13,14,15, T,,(n — 6,0,1) is the unique tree with the eighth minimum
n—>5 1 1

+ + — +1, and for
Vvn—=3 Vn—-2 /5 J
n > 16, T), ,—¢ s the unique tree with the eighth minimum sum-connectivity
n—=6 1 4

Visi Va6

respec-

index, which is equal to

which are equal to

respectively;

connectivity index, which is equal to

index, which is equal to

sum-connectivity index, which is equal to
index, which is equal to

Proof. Let T be an n-vertex tree different from the trees with the first three minimum

sum-connectivity indices as shown in Lemma 10 for n > 6. Denote by p the number of
5 1

n — 1
+ +—+1
n—3 vVn—-2 /5

pendant vertices in 7. Obviously, p < n—2. Let ¢(n) =
Note that ¥ (n) = x(Tn(n —6,0,1)) if n > 7.
Case 1. p <n—4. If p =2, then by Lemma 3 (i), x(T) > ¥(n). If p > 3, then by
Lemmas 7 and 8, we have
M) 2 (S0p) 2 W(Sunet) = et oo+ ot
> (n).
Case 2. p—2. Then T =T, , with [(n —2)/2] <a

n > 8, by Lemma 8, x(Ty,n—5) < x(Tn(n—6,0,1))
and by Lemma 9,

< n — 5, notice that n > 8. For
P(n). f a <n—6, then n > 10

X(Tn,a) Z X(Tn,n—fi) -

Note that
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n—=6 1 n—>5 1 4

1

S i Vi Vi 6 B!
4 1

- fl(n)Jr%_ﬁ_l'

Now by Lemma 6, x (T n—¢) > ¥(n) for n > 16, and x (T, n—¢) < ¥(n) for 10 <n <

15. Obv10usly, ( nn—1) > X(Thn-6) > ¥(n) for n > 16. Note that x (T}, ,—7) =
n—7

e A

and x(Th.n-7) > ¥(n) for n = 13,14, 15. Tt follows that x(7T") < ¢(n) if and only if

T=T,,5forn>8 T,,_6for 10<n <15, or T} 7 for n = 12.

By direct calculation, we find that x (T, n—7) < ¥(n) for n =12

Case 3. p—3. Then T = T,(n1,n2,n3), where ny + ns +n3 — 5, n; > n3g > 0,
ng > 0. If (n1,n9,n3) # (n —5,0,0),(0,n — 5,0), (n — 6,0, 1), then by Lemma 5, we
have x(T') > 1(n). Note that

w(n) - X(Tn(()?n - 570)) =

_ n—-5 n—-6 2 +L+1_l
Vvn—3 Vvn—=2 +Vvn—-1 /5 V3
foln) + —= 41— = >0
n — —_ —
2 7 Ve
1 1 1 1
and that x(T,(n — 5,0,0)) = X(Ta(0,n — 5,0)) = T R S

Vn—2 Vn-1 2 V3
By Lemma 6, we have x(T,(n —5,0,0)) < x(T5,(0,n — 5,0)) < %(n) for n > 6.

By combining Cases 1-3, if x(T') < ¢(n), then T = T,, ,,_5 for n > 8, T, ,_¢ for
10 <n <15, T,(n—5,0,0) forn > 6, T,,(0,n—5,0) for n > 6, T,,(n—6,0,1) forn > 7,
and T, ,—7 for n = 12. Moreover, we have x(T},(n — 5,0,0)) < x(7,,(0,n — 5,0)) for
n > 6, x(T,,(0,n—5,0)) < x(Tn(n—6,0,1)) forn > 7, X( nn—6) > X(Tn(n—6,0,1))
for n > 16, and x(Thn—6) < X(Tn(n —6,0,1)) for 13 < n < 15. Now (i) and (ii)
follow from Lemma 10. Suppose that n > 8. Note that

( n,n— 5) X( ( 5 0 O)) =
n—4 1 3 1 1

n—>5 1
T Vno3 v Va2 vaci 5 2 3
= B+ -3

’ VB 2 3

and that
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By Lemma 6, we have x(T},(n —5,0,0)) < x(Th,n—s) for n > 10, x(T(n —5,0,0)) >
X(Tnm—s) for n = 8,9, x(T,(0,n — 5,0)) < x(Thns) for n > 13, and x(T5,(0,n —
5,0)) > x(Thn-s) for 8 < n < 12. By direct calculation, x(7,(0,n — 5,0)) <
X(Thn—¢) for n = 10,11,12. Recall that x(Tyn-5) < X(Thn--6) < X(Tnn-7) for
n > 12. Thus, we find that:

X(Tn-s5) < X(Tuln = 5,0,0)) < x(Ta(0,n — 5,0)) < x(Tu(n —6,0,1))
for n = 8, 9;
KT =5,0,0)) < X(To ) < X(Ta(0,m~ 5,0)) < X(Tono)
for n =10, 11;
X(Tn(n =5,0,0)) < x(Tn,n-5) < x(Tn(0,7 = 5,0)) < X(Tnn-6) < X(Tn,n-7)
for n = 12;

X(Tn(n = 5,0,0)) < x(Tw(0, ,0)) < X(Ton-s)
_ (T 6) X(Tp(n —6,0,1)) for n = 13,14,15
X(Tn(n—6,0,1)) < x(Thn-) forn>16.
Now the results (iii)—(vii) follow from Lemma 10. O
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