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Abstract. In this work, the reversibility problem for the elementary cellular

automaton with rule number 150 is tackled. Although this problem was solved

before, we will introduce in this work an alternative construction of the inverse

cellular automaton by means of the transition matrices instead of transition

dipolynomials. This new approach allows one to obtain a more efficient and

effective algorithm to compute the inverse cellular automaton.
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1. Introduction

A cellular automaton is a simple model of computation which is used to simulate
complex phenomena ([11]). It is defined by a discrete spatial lattice of memory units
called cells which are endowed with a state at every step of time. The state of each
cell is updated synchronously according to a local transition function which depends
on the states of the cells in some neighborhood around it. The most important type
of cellular automaton is elementary cellular automaton: the state of each cell depends
on the states of the cell itself and its two nearest cells and the state set is F2. One of
the most important elementary cellular automaton is that one whose local transition
function is defined the XOR sum of the three states; it is called elementary cellular
automaton with rule number 150 and its importance is due to its several applications
to cryptography (see, for example, [6]).
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The reversibility is one of the most important properties of cellular automata. It
implies that information can be neither created or destroyed: A cellular automaton
is reversible when there exists another cellular automaton which makes possible the
evolution backwards ([11]). The reversibility property has been extensively studied
(see, for example, [4, 9]). Although the reversibility problem for elementary cellular
automata with rule number 150 was solved using transition dipolynomials (see, for
example, [3, 7]), the main goal of this work is to introduce an alternative construction
of its inverse cellular automaton by means of the transition matrices instead of tran-
sition dipolynomials. The main advantage of this new approach is that it provides us
a more efficient algorithm to compute the inverse cellular automaton using circulant
matrices.

The rest of the paper is organized as follows: In section 2 the basic theory of
elementary cellular automata is introduced, and the problem of the reversibility of
the elementary cellular automaton with rule number 150 is solved in section 3. Finally,
the conclusions are shown in section 4.

2. Elementary cellular automata

An elementary cellular automaton (ECA for short) is a discrete dynamical system
formed by n identical objects called cells that are arranged linearly. Each cell assume
at every step of time a state from F2 = {0, 1}, such that the ith cell at time t is denoted
by xt

i ∈ F2. The states change synchronously in discrete steps of time according to a
local transition rule defined by a boolean function f whose variables are the previous
states of the two nearest neighbor cells, and the cell itself:

f : F3
2 → F2(

xt
i−1, x

t
i, x

t
i+1

)
7→ xt+1

i = f
(
xt
i−1, x

t
i, x

t
i+1

)
(1)

for every 1 ≤ i ≤ n. Consequently, there exist 22
3

= 256 possible elementary cellular
automata, each of which can be indexed by a rule number w which is computed as
follows:

0 ≤ w =
7∑

i=0

αi · 2i ≤ 255, (2)

where the truth table of the boolean function f is:

f (0, 0, 0) = α0

f (0, 0, 1) = α1

f (0, 1, 0) = α2

f (0, 1, 1) = α3 (3)

f (1, 0, 0) = α4

f (1, 0, 1) = α5

f (1, 1, 0) = α6

f (1, 1, 1) = α7



A Note on the Reversibility of Elementary Cellular Automaton 150 367

Consequently we denote by ECA(w) the elementary cellular automaton with rule
number w.

As the number of cells is finite, periodic boundary conditions can be considered
in order to preserve the well-defined evolution of the ECA: the cells are handled with
a toroidal arrangement, that is: xt

i = xt
j if i ≡ j (modn) for every t.

The n-dimensional vector Xt = (xt
1, . . . , x

t
n) ∈ Fn

2 is called the configuration of
the ECA at time t. The whole evolution of a particular cellular automata can be
comprised in its global transition function:

Φ: Fn
2 → Fn

2

Xt 7→ Φ
(
Xt

)
= Xt+1 (4)

An ECA is called reversible if there exists another cellular automaton (called inverse
cellular automaton) that makes possible the evolution backwards in time ([8]); In this
sense, this inverse cellular automaton is not an elementary one since, in the majority
of the cases, its local transition function depends on several neighborhood states and
such function could be different depending on the cell considered (hybrid cellular
automaton). The global transition function, Φ, of a reversible cellular automaton is
bijective ([10]); as a consequence Φ−1 is the global transition function of the inverse
cellular automaton.

The ECA with rule number 150 is a linear elementary cellular automaton since
its local transition function is linear:

xt+1
i = f

(
xt
i−1, x

t
i, x

t
i+1

)
= xt

i−1 ⊕ xt
i ⊕ xt

i+1, (5)

where ⊕ stands for the XOR operation (the sum modulo 2). As a consequence, the
global transition function of ECA(150) can be easily defined in terms of matrix theory:

Xt+1 = Φ
(
Xt

)
= Mn ·Xt (mod 2) , (6)

where Mn is the following local transition matrix:

Mn =



0 1 0 · · · 0 1

1 0 1
. . . 0

0 1 0
. . .

. . .
...

...
. . .

. . .
. . .

. . . 0

0
. . .

. . . 0 1
1 0 · · · 0 1 0


(7)

In the case of linear ECA the study of the reversibility can be reduced to the
study of the local transition matrix: a linear cellular automaton is reversible iff its
local transition matrix is non-singular (see [3]).
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3. The reversibility problem

As is well known (see [7]), the reversibility of ECA(150) depends on the number
of cells of its cellular space. More precisely:

Proposition 1. The ECA(150) is reversible if and only if n ̸≡ 0 (mod 3).

When the ECA(150) is reversible there exists a procedure to compute the inverse
cellular automata in terms of the transition dipolynomial (see [7]). Specifically, it
states the following:

Theorem 2. Set Dm (y) = 1 +
∑m

j=1

(
y−j + yj

)
and let T (y) = y−1 + 1 + y be the

transition dipolynomial of ECA(150). Then, the transition dipolynomial T̄ (y) of the
inverse cellular automaton is defined as follows:

(1) If n ≡ 1 (mod 3), then

T̄ (y) = D⌊n−1
2 ⌋ (x) +

⌊n−1
6 ⌋∑

i=1

(
y−(3i−1) + y3i−1

)
. (8)

(2) If n ≡ 2 (mod 3), then

T̄ (y) = D⌊n−1
2 ⌋ (y) +

⌊n+2
6 ⌋∑

i=1

(
y−(3i−2) + y3i−2

)
. (9)

Unfortunately, this is not an efficient procedure to compute the inverse cellular au-
tomaton; the following and novel result provides us an efficient algorithm to compute
such inverse cellular automaton:

Theorem 3. The inverse cellular automaton of ECA(150) when n ̸≡ 0 (mod 3) is
defined by the following transition matrix:

(1) If n ≡ 1 (mod 3), then

Qn =



1 A A
(k)
· · · A

AT B C
(k−1)
· · · C

AT CT B
. . .

...
...

...
. . .

. . . C

AT CT
(k−1)
· · · CT B


(10)
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with

A =
(
1 0 1

)
, (11)

B =

 1 1 0
1 1 1
0 1 1

 , (12)

C =

 1 1 0
0 1 1
1 0 1

 . (13)

(2) If n ≡ 2 (mod 3), then

Qn =



Id2 D D
(k)
· · · B

DT E F
(k−1)
· · · F

DT FT E · · ·
...

...
...

. . .
. . . F

DT FT
(k−1)
· · · FT E


, (14)

where

D =

(
1 1 0
0 1 1

)
, (15)

E =

 1 0 1
0 1 0
1 0 1

 , (16)

F =

 1 0 1
1 1 0
0 1 1

 , (17)

and Id2 is de identity matrix of order 2.

Proof. (1) Suppose that n ≡ 1 (mod 3), then n = 3k + 1 with k ∈ Z+. It is easy to
check that the matrix given in equation (10) is a circulant matrix whose first
row is F =

(
f1 f2 · · · fn

)
, where:

fi =

{
0, if i = 3m,m ∈ Z+

1, if i ̸= 3m,m ∈ Z+ (18)

We have to prove that Q ·Mn = Mn ·Q = Idn using the arithmetic modulo 2.
As Mn and Q are circulant matrices then Q ·Mn and Mn ·Q are also circulant
matrices (see [5]). Consequently, we finish if we prove that the first row of Q·Mn

and Mn ·Q are: (
1 0

(n−1)
· · · 0

)
. (19)

In the first case (when Q ·Mn is computed) we distinguish the following cases:
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• The first coefficient of the first row of Mn ·Q is F ·C1, where C1 is the first
column of Mn; then:

F · C1 =

(
1 1 0︸︷︷︸ (k)

· · · 1 1 0︸︷︷︸ 1) ·



1
1
0
...
0
1


= 1 + 1 + 1 = 1 (mod 2) . (20)

• The i-th coefficient (2 ≤ i ≤ n − 1) of the first row of Mn · Q is given by
F · Ci, where Ci is the i-th column of Mn:

F · Ci =

(
1 1 0︸︷︷︸ (k)

· · · 1 1 0︸︷︷︸ 1) ·
(

0
(i−2)
· · · 0 1 1 1 0

(n−i−1)
· · · 0

)T

= 1 + 1 = 0 (mod 2) . (21)

• The last coefficient of the first row of Mn ·Q is F ·Cn, where Ci is the last
column of Mn:

F · C1 =

(
1 1 0︸︷︷︸ (k)

· · · 1 1 0︸︷︷︸ 1) ·



1
0
...
0
1
1


= 1 + 1 = 0 (mod 2) . (22)

As a consequence, the first row of the circulant matrix Q ·Mn is the first
row of the identity matrix, thus finishing.

The second case, that is, Mn ·Q = Idn, is proven in a similar way.

(2) If n ≡ 2 (mod 3), the matrix given in equation (14) is a circulant matrix whose
first row is F =

(
f1 f2 · · · fn

)
, where:

fi =

{
0, if i = 3k − 1, k ∈ Z+

1, if i ̸= 3k − 1, k ∈ Z+ (23)

and the proof is similar to case (1).

As a consequence of this theorem, the following result holds:

Corollary 4. The inverse cellular automaton of ECA(150) when n ̸≡ 0 (mod 3) is
defined by a circulant matrix Qn, where:

1. If n ≡ 1 (mod 3) with n = 3k + 1, k ∈ Z+, the first row of Qn is:(
1 1 0︸︷︷︸ (k)

· · · 1 1 0︸︷︷︸ 1) . (24)
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2. If n ≡ 2 (mod 3) with n = 3k + 2, k ∈ Z+, the first row of Qn is:(
1 0 1︸︷︷︸ (k)

· · · 1 0 1︸︷︷︸ 1 0) . (25)

Note that this result provides a more efficient method to compute the inverse
cellular automaton. If we want to compute the configuration Xt+1 of such automata
from Xt using the corresponding transition dipolynomial, the following computation
must be done:

P t+1 (y) = T̄ (y) · P t (y) mod (xn − 1) , (26)

where P t (y) =
∑n−1

i=0 xt
iy

i is the characteristic polynomial at time t representing the
configuration Xt.

The cost of this polynomial multiplication is O (n logn+ n log n log log n) (see, for
example, [2]). On the other hand, the computation of the configuration Xt+1 using
the circulant matrix Qn takes O (n log n) bit operations (see [1]).

4. Conclusions

In this paper the reversibility problem for elementary cellular automaton with
rule number 150 has been considered. Although this problem was solved before using
transition dipolynomials, we have introduced a new proof of the reversibility in this
work. It is based on the use circulant transition matrices. This novel approach allows
us to obtain a more efficient procedure to compute the inverse cellular automaton.
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