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Abstract. Spiking neural P systems with astrocytes (SNPA systems, for
short) are a class of distributed parallel computing devices inspired from the way
neurons communicate by means of spikes, where also astrocytes are considered,
having an excitatory or an inhibitory influence on synapses. Looking for small
universal computing devices is a classical research topic in computer science. In
this work, we investigate small universal SNPA systems as both devices com-
puting functions and devices generating sets of numbers. Specifically, as devices
of computing functions, a universal SNPA system (without delay and forgetting
rules) using 57 neurons and 19 astrocytes is obtained; as generators of sets of
numbers, a universal SNPA system (without delay and forgetting rules) using
54 neurons and 17 astrocytes is found. These improve previous results on SN P
systems without astrocytes and show the role of these features.

Key-words: Membrane computing; Spiking neural P system; Astrocyte;
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1. Introduction

Spiking neural P systems (SN P systems, for short) are a class of distributed and
parallel computing devices introduced in [1] and then intensively investigated. De-
tails can be found in [9] and the membrane website [10]. Spiking neural P systems
with anti-spikes were introduced in [4], which draw inspiration from the way neu-
rons communicate through both excitatory and inhibitory spikes; a new form of such
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systems was given in [15]. The notion of local synchronization was introduced into
asynchronous SN P systems in [13], the constructed systems were also proved to be
computationally complete in the generating case. Moreover, finite languages and re-
cursively enumerable languages were shown to be characterized by asynchronous SN
P systems in [18]. Small universal spiking neural P systems with rules on synapses
were constructed in [14] for computing functions.

Briefly, an SN P system consists of a set of neurons placed in the nodes of a
directed graph, which send signals (spikes) along synapses (arcs of the graph). Each
neuron contains a number of spikes, spiking (also called firing) rules and forgetting
rules. Using these rules, the spikes contained in a neuron can be moved or deleted.

Generally, an SN P system can be seen as a network of neurons. Recently, a new
variant of SN P systems consisting of neurons and astrocytes was presented in [5],
called spiking neural P systems with astrocytes (SNPA systems, for short), where an
astrocyte can sense the spike traffic along several neighboring synapses at the same
time, and has an excitatory or an inhibitory influence on these neighboring synapses.
Actually, the feature of astrocytes was already considered in [8], and the astrocytes
were formulated as a control of spikes traffic along axons.

Looking for small universal computing devices is a classical research topic in com-
puter science, see, e.g., [2], [11], and the references therein. This topic has been
heavily investigated in the framework of SN P systems [6], where a universal SN P
system was obtained using 84 neurons for computing functions, and a system with 76
neurons can generate any Turing computable set of natural numbers. In [19], these
results were improved: 67 neurons in the case of computing functions, and 63 neurons
in the case of generating sets of numbers. Small universal SN P systems were also
considered in [17] when the systems work in an exhaustive manner (that is, if a rule
contained by a neuron can be applied, then it is used as many times as possible in
the neuron).

In this work, we investigate small universal SNPA systems (without delay and
forgetting rules) by simulating a register machine as defined in [2]. We obtain that 57
neurons and 19 astrocytes can compute any Turing computable function; as number
generators, 54 neurons and 17 astrocytes can generate any Turing computable set of
natural numbers. Note that the number of neurons in our system is smaller than
in [19], which proves that the astrocytes are useful in this framework. These results
give a positive answer to the open problem formulated in [5].

2. Spiking Neural P Systems with Astrocytes

In this section, we review the definitions of spiking neural P systems with astro-
cytes as introduced in [5] (in the present work, the feature of delays is not used and
we omit it) and of deterministic register machines. For the details of formal language
theory and membrane computing, please refer to [12] and [7,10].

A deterministic register machine is a construct M = (m, H,lo, Iy, I), where m is
the number of registers, H is the set of instruction labels, [y is the start label, [,
is the halt label, and I is the set of instructions; each label from H labels only one
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instruction from I, thus precisely identifying it. The instructions are of the following
forms:

e I;: (ADD(7),1;) (add 1 to register r, then go to the instruction with label I;),

e I; : (SUB(r),l;,1x) (if register r is non-empty, then subtract 1 from it and go to
the instruction with label {;, otherwise go to instruction with label ),

e [, : HALT (the halt instruction).

A register machine M accepts a number n in the following way: starting with
number n in a specified register vy and all other registers being empty (i.e., storing the
number zero), we apply the instruction with label [y and continue to apply instructions
as indicated by the labels (and made possible by the contents of registers); the number
n is said to be accepted by M if M reaches the halt instruction. If the computation
does not halt, then no number is accepted. The set of all numbers accepted by M is
denoted by N(M).

A register machine can also compute any Turing computable function: we place the
arguments ny, na, . . ., Nk in specified registers 71, . . ., 7, (without loss of the generality,
assume that the first k registers are used), and start with the instruction with label
lo; if the instruction with label [;, is reached (when the register machine stops), then
the value of the function is placed in another specified register ¢, and all registers
different from r; are empty. In this way, the partial function computed by the register
machine M is denoted by M (ny,na, ..., ng).

A spiking neural P system with astrocytes (SNPA system, for short), of degree
m > 1,1 > 1, is a construct of the form

M= (0,01,...,0m,syn,asty,...,ast;,in,out), where:

O = {a} is the singleton alphabet (a is called spike);
® 01,...,0n, are neurons, of the form o; = (n;, R;),1 <1i < m, where:

a) n; > 0 is the initial number of spikes contained in o;
b) R; is a finite set of rules of the following two forms:

(1) E/a® — a, where E is a regular expression over a, and ¢ > 1;

(2) a® — A, for some s > 1, verifying that for every rule E/a® — a of type
(1) from R;, a® &€ L(E);

e syn C {1,2,...,m} x {1,2,...,m} with (i,i) ¢ syn for 1 < i < m (synapses
between neurons);

e asty,...,ast; are astrocytes, of the form ast, = (synqst,,ti), where 1 < i <1,
synast; C syn is the set of synapses controlled by the astrocyte ast;, ¢; € N is
the threshold of the astrocyte ast;;

e in,out € {1,2,...,m} indicate the input and output neurons, respectively.

If a rule E/a® — a has E = a°, then it can be simplified in the form a¢ — a.
The rules of types (1) and (2) are called firing (or spiking) rules and forgetting
rules, respectively — see [1] for more details.
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In each time unit, if neuron o; can use one of its rules, then a rule from R; must
be used. If two or more rules can be applied in the neuron, only one of them is chosen
non-deterministically. Note that if a firing rule is applicable, then no forgetting rule
is applicable, and vice versa. From the above description, the rules are used in the
sequential manner in each neuron, but the neurons function in parallel.

In SNPA systems, the astrocytes can sense the spikes traffic along the neighboring
synapses at the same time. Assume that astrocyte ast; has a given threshold ¢;,
and there are k spikes passing along the synapses in syngs,. If & > t;, then the
astrocyte ast; has the inhibitory influence on the neighboring synapses and the k
spikes are suppressed (namely, the k spikes are lost from the system). If k < ¢;, then
the astrocyte ast; has the excitatory influence on the neighboring synapses and the &
spikes survive and reach their destination neurons. If £ = ¢;, then the astrocyte ast;
non-deterministically chooses the inhibitory or excitatory influence on the neighboring
synapses. In this work, we do not consider that two or more astrocytes control the
same synapses.

The configuration of the system is of the form (ry,---,7,), which means that
neuron o; contains r; > 0 spikes. With the above notation, the nitial configura-
tion of an SNPA system can be expressed as Cyp = (ni,- - ,n,,) with the number
ni, N, -+ , Ny of spikes present in each neuron. Through the application of the rules
described above, one can define transitions among configurations. Any sequence of
transitions which begins with the initial configuration is called a computation. A
computation is successful if it reaches a configuration where no rule can be used. The
result of a computation of the system is defined as the distance in time of the first
two spikes sent into the environment by the output neuron.

As stated in [6], in order to compute a function f : N¥ — N (N is the set of
all positive integers), we suppose k natural numbers nq,--- ,ng in the system by
“reading” a binary sequence z = 10™~110727!1...10"~!1 from the environment,
which indicates that the input neuron of the system receives a spike in each step
corresponding to a digit 1 from the string z; otherwise, no spike is coming into the
system. Suppose that exactly k& + 1 spikes are received by the input neuron. The
result of the computation is described as the distance between the first two spikes
emitted by the output neuron. If a spike train of the form 0°10"~'1 is generated by
the system, for some b > 0, then r = f(nq, -, ng).

3. Small Universal SNPA Systems for Computing Functions

Theorem 1. There is a universal computing SNPA system (without delay and for-
getting rules) having 57 neurons and 19 astrocytes.

Proof. A register machine can compute any Turing computable function (see e.g.,
[3]). Suppose that (o, ¢1,...) is a fixed admissible enumeration of the unary partial
recursive functions. A register machine M, is said to be universal if there is a recursive
function ¢g such that for all natural numbers x, y we have ¢.(y) = M,(g9(z),y).
Like in [6], we consider the universal register machine from [2], shown in Fig. 1,
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and simulate it by an SNPA system. We add a further register 8 (which is never
decremented during the computation), and replace the original halt instruction of M,,
with the following instructions: {5, : (SUB(0),l22,1},),l22 : (ADD(8),ls), and [}, : HALT.
In this way, we have 9 registers (labeled from 0 to 8), 24 ADD and SUB instructions,
and 25 labels. The obtained register machine is denoted by M],.

-lo : (SUB(I),ll,lz), : : (ADD(?),Z()) ZQ (ADD(6),13)

-13 . (SUB(5),Z2,I4), : (SUB(6),15, 3), (ADD(E)),Z(;)

16 . (SUB(?),H,lg), (ADD(l),l4), lg (SUB(6),lg,lo)
lg : (ADD(6), 10), 'llo (SUB(4), lo, 11 )5l11 : (SUB(5),l12,113),
l12 1 (SUB(5),l14,l15),  -l13 : (SUB(2),l18,l19)k14 : (SUB(5), 16, l17),
-115 : (SUB(3),118,120), -l16 (ADD(4),Z1 ), l17 (ADD(Q),lm)

llg . (SUB(4),lo,lh), l19 (SUB(O),lo,llg) l20 (ADD(O) )

-121 . (ADD(3),118), 'lh : HALT

Fig. 1. A small universal register machine from Korec [2].

When a register machine M is simulated by an SNPA system II, with each register
r of M, two neurons o,.1) and 0,.(2) are associated; with each label [; of an instruction of
the machine, a neuron oy, is associated. Specifically, if register r holds the number n >
0, then each of the neurons 0,1, and 0,2y contains n spikes (during a computation,
the number of spikes in neuron o,q) is always equal to the number of spikes in neuron
o, ). An astrocyte is denoted by ast( 2 , which means that the i-th astrocyte presents
in Fig. j. The simulations of ADD and SUB instructions by the system are presented
in Figs. 2 and 3, respectively.

o e
Fig. 2. Module ADD (simulating I; : (ADD(r),;)).

The work of ADD module is very simple: having one spike inside, neuron oy, fires
by the rule @ — a and simultaneously sends a spike to neurons oy, 0,1 and 0,2,
respectively. In this way, with one spike inside, neuron o;, becomes active and fires;
both neurons o,a1) and o, receive one spike, which simulate the increase of the
number stored in register r by one.

The simulation of a SUB instruction is presented in Fig. 3. Let ¢ be the moment

when neuron oy, fires. At step t, three spikes pass along the synapses (I;, k), (l“ ll(l))

and (I;, 152)), respectively. Since no astrocyte is controlling the synapse (I;, li ), the
spike passing through it reaches neuron o,u). According to the number of spikes
contained by neurons o,a) and o0,.(2), two cases are considered in the following way.
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(1) At step t, each of neurons o,y and 0. has n (n > 0) spikes (corresponding
to the fact that the number stored in register r is n). In this case, neurons o,.)
and 0,2y send one spike to each other by rule a*/a — a. Thus, at step ¢, there

are four spikes passing along the synapses controlled by astrocyte astgl) (one
spike along each of synapses (), r®), (r@ r®) (1, 1)y and (I;,1)). The
number four is greater than the threshold three of astrocyte astgl), so astrocyte

astél) has inhibitory influence on its controlled synapses. These four spikes are
suppressed. In this way, each of neurons ¢,a) and 0,2y consumes one spike and
receives no spike (that is, the number of spikes in each of neurons 0,1y and o,.2)
is decreased by one), which simulates that the number stored in register r is
decreased by one.

At step t+1, neuron o,m spikes and sends out one spike to neuron oy;. Because

2 . . .
astrocyte astg ) has excitatory influence on its controlled synapses, neuron oy,
receives the spike from neuron o,1) and becomes active, and the system II starts

to simulate instruction I; of M.

(2) At step t, each of neurons 0,1y and 0,2y has no spikes (corresponding to the fact
that the number stored in register r is zero). In this case, neuron o;, becomes
active because of the excitatory influence of astrocyte astél), and the system II
starts to simulate instruction I of M at step ¢t + 1, the inhibitory influence of

2 .
astrocyte asté ) ensures that no spike reaches neuron o, .

Fig. 3. Module SUB (simulating {; : (SUB(r), l;,lx)).

To simulate the universal register machine M/, we start with neurons o1 and oy
already loaded with g(x) and y spikes, respectively. The work of the system is trig-
gered by introducing one spike in neuron o, (associated with the starting instruction
of the register machine). Then, the system begins with simulating the instructions
of the universal register machine M, by the modules from Figs. 2 and 3. In this
way, this system can work in the same way as the universal register machine M/,. So,

neuron oy will contains 2¢,(y) spikes if the computation halts.
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Two problems should be solved for simulating the small universal register machine
M, that is, introducing the mentioned spikes in neurons oy,, 01, o2 and outputting
the computed number. To solve the first problem, we design the module INPUT
presented in Fig. 4. If we “read” a spike train 109(*)=110¥~'1 from the environment,
then the module works as follows. The first spike from neuron o;,, is sent to each of the
Neurons O, , Oc,, Oc; and o.,. With one spike inside, by the spiking rule a — a, each
of neurons o., and o, fires and sends a spike to each other. Simultaneously, neuron
0., sends a spike to neurons o1y, 01(2), 0a1) and oy, respectively; neuron o, sends
a spike to neuron o.,. There are three spikes passing along the synapses controlled by

astrocyte astfll) (one spike along each of synapses (co,2()), (co,2®) and (c3,c4)). The

number three is greater than the threshold two of astrocyte astfll), so astrocyte astf)
has inhibitory influence on its controlled synapses. These three spikes are suppressed.
Without any astrocyte controlling synapses (cz,c3), (c3,¢2), (c2,10) and (c2,1()),
the spikes moving along these synapses can reach their destination neurons. In this
way, both neurons o1y and ;) receive one spike, thus the number stored in register
1 is increased by one. When the second spike enters neuron oy,, the neuron fires
again. After receiving two spikes (one from neuron oy, the other from neuron o,),
neuron o, is blocked; neuron o, is activated by the spiking rule a?/a — a. Note that

astrocyte astfll) has excitatory influence on its controlled synapses at this moment,
and the number stored in register 2 will be desired by neuron o.,. After receiving the
third spike from neuron o;,, only neuron o, fires and sends out a spike to neuron
01,, hence the simulation of M, is triggered.

Fig. 4. Module INPUT.

We now solve the second problem by means of the module OUTPUT (register
8 is used for placing the result of the computation), which is served for outputting
the computed number. The OUTPUT module is shown in Fig. 5 and it works in
the following way. When neuron oy receives one spike, it fires and sends a spike
to each of the neurons og1) and og@); in this way, the spiking rule aa™/a — a of
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both of the neurons ogu) and oge) can be used, and the two neurons send a spike
to each other, while the spikes cannot reach their destination neurons because of the
inhibitory influence of astrocyte astél). Neuron o,,; spikes and sends the first spike
to the environment after receiving a spike from neuron oga). From the next step on
until exhausting the spikes from each of neurons ogn) and og(2), neuron oy, receives
two spikes (one from og1) and one from o, ), thus it keeps an even number of spikes
and cannot fire. When each of neurons og1y and og2) has only one spike, they cannot
fire anymore, but neuron o, can receive one further spike from neuron o.,. Hence,
oout sends out the second spike to the environment.

a(a®)*/a — a a—a €

out

Fig. 5. Module OUTPUT.

109=)-110v-11
|

Module INPUT

ERfEDRED
lo 1 2
Register machine simulator
0 8
L]

Module OUTPUT

-

v
L 10%=(w)—1q

Fig. 6. The general design of the universal SNPA system.
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From the above description of the modules and their work, we can find that register
machine M is correctly simulated by SNPA system II. The overall design of the small
universal computing system is presented in Fig. 6.

It is clear that we need 18 neurons for the 9 registers, 25 neurons for the 25 labels,
28 neurons and 28 astrocytes for the 24 ADD and SUB instructions, 5 neurons and 1
astrocyte in the INPUT module, 2 neurons and 1 astrocyte in the OUTPUT module.
Hence, the total number of neurons and astrocytes are 78 and 30, respectively.

According to some characteristics of the register machine M, the number of
neurons can be slightly decreased, by some “code optimization”. Specifically, as
considered in [6], the sequence of two consecutive ADD instructions: ly7 : (ADD(2), l21)
and lo; : (ADD(3),l15) without any other instruction addressing the label lo;, can be
combined as in Fig. 7, and in this way we save the neuron associated with lo;.

Fig. 8. The module simulating consecutive SUB-ADD instructions.

A similar operation is possible for the following six sequences of SUB-ADD in-
structions:

lo : (SUB(l),ll,lg), 1 : (ADD(?),lo),
l4 : (SUB(G),ZEHZ;;), l5 : (ADD(E)),I(;),
lg : (SUB(?),Z7,Z8), l7: (ADD(l),l4),
Zg . (SUB(G),ZQJ()), 19 . (ADD(6)7110),
li4 : (SUB(5),Z16,Z17), lig : (ADD(4),Z 1),



28 Y. Kong et al.

Each consecutive SUB-ADD instruction, ; : (SUB(71),0;,1x), I; : (ADD(r2),l,),
can be simulated by the module shown in Fig. 8. In this way, we save 6 neurons
associated with intermediate labels Iy, I5, I7, lg, 16 and ls2, respectively.

2 (1%
astyy J

Fig. 10. Module SUB-SUB instructions share two neurons and one astrocyte.

According to the number of shared auxiliary neurons, we can classify the 14 SUB
instructions (including I, : (SUB(0), l22,1},)) to three groups, which are listed as follows:

(1) ( UB( ) ll, l2) : (SUB(5), lz, l4), l4 : (SUB(6), l5, 13),
(SUB( ) l7, lg) . (SUB(G), 19, llo), lll : (SUB(5), 112, 113),
112 (SUB(5) 114,115), 114 : (SUB(5),Z16,Z17), lh : (SUB(O),IQQ,l/h);
(2) 110 (SUB(4) l()7l11), llg : (SUB(4),lo7lh), l19 : (SUB(O),IO7118);
(3) I3 : (SUB(2),118,119), l15 : (SUB(3), 113, l20)-

For the first group, all modules associated with the instructions can share one
auxiliary neuron and one astrocyte (as shown in Fig. 9); for the last two groups,
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all modules associated with the instructions can share two auxiliary neurons and one
astrocyte (as shown in Fig. 10). So, we save 14 neurons and 11 astrocytes in total.
Since 1 neuron is saved by the ADD-ADD module in Fig. 7, 6 neurons are saved by
the SUB-ADD modules in Fig. 8, we can totally save 21 neurons and 11 astrocytes.
Hence, the number of neurons can be decremented from 78 to 57, the number of
astrocytes from 30 to 19. This completes the proof. O

4. Small Universal SNPA Systems as Number Generators

As mentioned in [6], a generating SN P system II,, is universal if given a fixed ad-
missible enumeration of the unary partial recursive function, (¢q, 1, - ), there is a re-
cursive function g such that for each natural number z, if we input the number g(z) in
I1,,, the set of numbers generated by the system is equal to {n € N | ¢, (n)is defined}.
Otherwise stated, after introducing the “code” g(z) of the partial recursive function
pz in a specified neuron, the system generates all numbers n for which ¢, (n) is
defined.

We here consider the same methods from [6]:

(1) Read the string 109(*)=11 from the environment and load 2g(x) spikes in neuron
1.

(2) Load neuron oy non-deterministically with an arbitrary natural number n (in-
troducing 2n spikes in neuron o); at the same time, output the spike train
10711 (hence the number n).

(3) Check whether the function ¢, is defined for n. To this aim, start the register
machine M, from Fig. 1, with g(z) in register 1 and n in register 2. If the
computation in M, halts, then also the computation in our SNPA system halts,
so n is introduced in the set of generated numbers.

We need to point that there is an important difference between number generating
and function computing: it is not necessary to output a result after halting the
computation, while we have to randomly generate a number at the beginning of the
computation. In this way, some modifications are made in the construction of the
universal computing SNPA systems: (1) no separate OUTPUT module is necessary,
the further register 8 and label I, are omitted; (2) an INPUT-OUTPUT module
(the INPUT module together with the output one) is used, at the same time non-
deterministically producing the number n. The INPUT-OUTPUT module is shown
in Fig. 11. The modified module for simulating the instruction l1g : (SUB(4), lo, 1) is
shown in Fig. 12. We find that /1 needs three auxiliary neurons; when substraction
is no longer possible, the system halts.

When loading neuron o7 with 2g(z) spikes, we start loading neuron oo with an
arbitrary number of spikes through neuron o,, at the same time emitting the respec-
tive number as the distance between two spikes sent out by neuron o,,:;. The work
of neurons o.,, 0., stops when astrocyte ast(lll) has inhibitory influence on synapses
(cs,cq) and (cq,c3). After having two spikes emitted by o,u¢, we load neuron oy,
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with one spikes via neuron o.,. In this way, the work of the register machine M, is
triggered.

Fig. 12. The modified module for simulating l1s : (SUB(4), lo, l1).

Hence, the obtained system contains: 16 neurons for the 8 registers, 22 neurons
for the 22 labels, 27 neurons and 26 astrocytes for the 22 ADD and SUB instructions,
8 neurons and 1 astrocyte in the INPUT-OUTPUT module. The total number of
neurons and astrocytes are 73 and 27, respectively. From the observation in Section
3, we can save 19 neurons (1 for ADD-ADD instruction, 5 for SUB-ADD instructions
and 13 for SUB-SUB instructions) and 10 astrocytes (for SUB-SUB instructions). So,
the following result is obtained:

Theorem 2. There is a universal number generating SNPA system (without delay
and forgetting rules) having 54 neurons and 17 astrocytes.
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5. Conclusions and Remarks

In this work, we investigate universal SNPA systems to compute functions as
well as to generate/compute sets of natural numbers. Specifically, it is obtained that
SNPA systems with 57 neurons and 19 astrocytes can compute any Turing computable
functions and SNPA systems with 54 neurons and 17 astrocytes can generate any
Turing number sets. It is emphasized that no delay and forgetting rules are used.
These results give a positive answer to an open problem left in [5], and show that
astrocytes can improve the computing power of SN P systems.

There are several open problems and research topics suggested by the previous
results. For instance, is it possible to significantly reduce the number of neurons using
more astrocytes? Moreover, in [16], a special neuron is used for each instruction of the
register machine, and the number of neurons in universal SN P systems with extended
rules can be significantly reduced to 9. It is of interest to investigate what results
can be obtained if a similar special neuron is used in universal SNPA systems. It also
deserves to be checked whether the feature of delay and forgetting rules is useful in
improving the current results.
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