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Abstract. A variant of array-rewriting P systems that uses parallel rewrit-

ing of arrays in the regions is introduced. The generative power of this model is

compared with certain array grammars generating array languages. It is shown

that geometric arrays such as hollow rectangles and hollow squares can be gen-

erated by parallel array P systems with a priority relation on the rules. The

advantage of the proposed variant is that the number of membranes necessary

for generating certain array language is reduced in the constructions as array

generation devices.
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1. Introduction

Inspired by the structure and functioning of living cells, Păun introduced a com-
putational model, called P system [8]. P systems have been proved to be versatile
models. Many variants have been proposed for investigating different kinds of prob-
lems in a variety of areas related to computing [9]. The basic model is made of several
membranes, hierarchically arranged within a membrane called the skin membrane.
The regions delimited by the membranes can contain objects, which can evolve ac-
cording to certain evolution rules associated with the regions. In a computation step,
the objects in all regions are simultaneously processed by the rules in the regions
in a nondeterministic and maximally parallel manner, and at each step all objects
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which can evolve should evolve. The evolved objects can then be communicated to
other regions, with the communication being specified by a target indication in or out
associated with each rule. If the target indication is here, the object remains in the
same membrane. A computation halts when no further rule can be applied. Among
different kinds of P systems, string-rewriting P systems have been investigated exten-
sively [1,7,8,16]. In these systems, objects are given as finite strings over an alphabet
and the evolution rules are given as context-free rewriting rules.

On the other hand, the study of two-dimensional grammar models is an area of
investigation motivated by different problems in the framework of image analysis and
picture processing [6]. Extending the rewriting feature in Chomsky’s grammars in
formal language theory [10], several array grammar models have been proposed (see
for example [6] and references therein) for generation of picture arrays in the two-
dimensional plane. Extending the string-rewriting P systems to arrays, Ceterchi et
al. introduced array P systems using context-free rules [3]. Subsequently, several P
system models of isometric and non-isometric variety for array generation have been
considered in the literature (see for example [4, 12–14]).

In formal language theory, parallel rewriting of strings has been extensively stud-
ied. The different kinds of Lindenmayer systems constitute a classic example of such
parallel rewriting systems [10]. In the area of string-rewriting P systems, the case of
parallel rewriting of a string in a region has been investigated [1, 2, 7]. Here, we con-
sider the feature of parallel rewriting of arrays in the regions of an array P system [3]
and introduce a variant of the array P systems, called parallel array P systems. We
would like to point out that the array P systems proposed here are mathematical
constructs just as the P systems considered in [1–3,7] are mathematical formulations
describing string or array languages. The interesting aspect is that these studies in-
cluding the present study illustrate the versatile nature and the adaptability of the
biologically inspired P systems model.

We compare the generative power of parallel array P systems with certain array
generating grammars. The advantage of the proposed array P system model is that
the number of membranes is small in many constructions, although by definition, a
P system can have any finite number of membranes or regions. We also examine
the problem of generating digitized geometric objects such as hollow rectangles and
hollow squares which cannot be generated even by context-free array grammars [15].
In order to generate such geometric arrays, we need a priority relation on the array
rules, but regular array rules are sufficient. We note that the kind of array grammar
rules that we consider in this paper is of the isometric one consistent with the array P
systems in [3], in the sense that the arrays in the left and right sides of a context-free
array rule are geometrically identical in shape. In the non-isometric case, array P
systems that involve sequential as well as parallel rewriting of arrays by suitable rules
have been studied (see for example [12] and references therein). In [11, 14], a class
of array P systems of the non-isometric type, called sequential/parallel rectangular
array P system, is considered in order to generate languages of rectangular picture
arrays. As an application of our parallel array P systems, we discuss the generation
of a language of certain “floor designs”, which enables us to make a comparison with
the array P systems in [11,14].
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2. Basic Definitions and Results

For notions and results related to formal language theory we refer to [10] and for
those related to array grammars and two-dimensional languages we refer to [5, 6]. A
pixel in the two-dimensional plane Z2 is a point in the plane with integer coordinates.
A labelled pixel has a symbol associated with it, with the symbol belonging to a given
alphabet V. An array A in the plane Z2 consists of finitely many labelled pixels. All
other pixels of the plane that are not marked with the symbols of V are assumed
to be marked with the blank symbol # /∈ V . More formally, an array is a mapping
A : Z2 −→ V ∪ {#} with a finite support supp(A), where supp(A) = {v ∈ Z2 |
A(v) ̸= #}. An array can therefore be specified by giving the pixels v of the support,
along with their associated symbols from V. For example, the non-blank labels of a
T shaped array are pictorially indicated in Fig. 1.

a a a a a a a a a a a a a
a
a
a
a
a

Fig. 1. A T-shaped array.

In more rigorous terms, arrays are regarded as equivalence classes of arrays with
respect to linear translations in the plane, i.e. only the relative positions of the non-
blank symbols are taken into account, where a translation τv : Z → Z is given by
τv(w) = w + v for all v ∈ Z. Given two arrays α, β, array β is called a subarray of
α if there exists v ∈ Z such that for the translation τv it follows that τv(supp(β)) ⊆
supp(α). In other words, all labelled pixels of β coincide with the corresponding
labelled pixels of α when β is placed on α after a suitable translation of the pattern
supp(β). The set of all two-dimensional non-empty finite arrays over V is denoted by
V +2. The empty array is denoted by λ. The set of all arrays over V is V ∗2 = V +2∪{λ}.
Any subset of V ∗2 is called an array language.

An array production or array rule p over V is a triple p = (W,A,B), where W
is a finite subset of Z2 and A,B are arrays with their supports included in W . We
write the rule as A → B and in the pictorial representation, all pixels of W which
are not in supp(A) will be indicated by #, where arrays A,B are isotonic: A and B
cover the same pixels, no matter whether they are marked with symbols in V or with
#. When graphically representing an array, usually we ignore the blank pixels, but,
when representing rewriting rules, the pixels marked with # are also explicitly shown.
An array production is used to rewrite an array in the following way. For two arrays
C,D over V and a production p as above, we write C =⇒p D if D can be obtained by
replacing by B a subarray of C identical to A, in the sense that the subarray of C is
geometrically identical to A and the corresponding pixels in the subarray and A have
the same label. In other words, A and the subarray of C coincide under a suitable
translation in the plane. The reflexive and transitive closure of the relation =⇒ is
denoted by =⇒∗.
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For example, the array B a A
C derives the array

a a a a a
a
a

by applying the rules

1. A # → a A, 2. # B → B a, 3.
C
#

→ a
C

,

4. A → a, 5. B → a, 6. C → a.

The derivation is shown in Fig. 2, where the rules are applied in the order 1, 2, 3, 4,
5, 6.

B a A
C =⇒ B a a A

C =⇒ B a a a A
C =⇒ B a a a A

a
C

=⇒ B a a a a
a
C

=⇒
a a a a a

a
C

=⇒
a a a a a

a
a

Fig. 2. Illustration of an array derivation.

Let N be a nonterminal alphabet and T be a terminal alphabet. An array production
p = (W,A,B) is called context-free, if supp(A) ⊆ supp(B) and card(supp(A)) = 1,
where card(Z) is the number of labelled cells in the array Z and the label of the
only non-blank symbol of A, is a nonterminal symbol in N. A regular rule over the
alphabets N and T , is a rule of one of the following forms: A # → a B, # A →
B a,

#
A

→ B
a

,
A
#

→ a
B

, A → B, A → a, where A,B ∈ N, a ∈ T and

# /∈ N ∪ T is the blank symbol.
The array grammars with context-free or regular array rules are known as the

isometric variety in the sense that in an array production, the arrays in the left and
right sides of the rule are geometrically identical in shape. In contrast to this, in the
non-isometric variety, the rules that rewrite or generate arrays are analogous to the
string grammar rules in the sense that the application of a rule u → v, u, v are either
strings or arrays, would mean that enough ‘space’ is created by ‘pushing’ symbols,
if needed, for v to replace u. Since we deal with context-free and regular array rules
only in what follows, we have recalled only these two kinds of array rules. For other
kinds of array productions, we refer to [5].

An array grammar is a construct G = (N,T,#, S, P ), where N ∩ T = ∅, N is the
nonterminal alphabet, T is the terminal alphabet, # /∈ N ∪ T is the blank symbol,
S ∈ N is an axiom array and P is a finite set of array rewriting rules of the form
A → B such that at least one pixel of A is marked with an element of N .

An array grammar is context-free or regular if all its rules are context-free (CF) or
regular, respectively. There is a unique non-blank pixel marked with a nonterminal in
the left hand array of each context-free or regular rule. The array language generated
by G is

L(G) = {A ∈ T ∗2 | S =⇒∗ A}.

The families of array languages generated by context-free and regular array grammars
are denoted by ACF and AREG, respectively. The following strict inclusion is known:
AREG ⊂ ACF [3].
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We now recall the basic model of an array-rewriting P system introduced in [3].

Definition 1. An array P system (of degree m ≥ 1) is a construct

Π = (V, T,#, µ, F1, . . . , Fm, R1, . . . , Rm, io),

where V is the alphabet of nonterminals and terminals, T ⊆ V is the terminal al-
phabet, # /∈ V is the blank symbol, µ is a membrane structure with m membranes
labelled in a one-to-one way with 1, 2, . . . ,m; F1, . . . , Fm are finite sets of axiom ar-
rays over V associated with the m regions of µ; R1, . . . , Rm are finite sets of array
rewriting rules over V associated with the m regions of µ; the array-rewriting rules
(context-free or regular) of the form A → B(tar) have attached targets “here”, “out”,
“in”, “inj” (in general, we omit mentioning “here”); finally, io is the label of an
elementary membrane of µ which is the output membrane.

A computation in an array P system is defined in the same way as in a string
rewriting P system [8] but with the successful computations being the halting ones.
Every array, from each region of the system, which can be rewritten by a rule asso-
ciated with that region (membrane), should be rewritten; the rewriting is sequential
at the level of arrays, which means that one rule is applied; the array obtained by
rewriting is placed in the region indicated by the target associated with the rule used;
here means that the array remains in the same region, out means that the array exits
the current membrane and thus, if the rewriting was imposed in the skin membrane,
then it exits the system; arrays leaving the system are “lost” in the environment, inj

means that the array is immediately sent to the directly lower membrane with label
j and in means that the array is immediately sent to one of the directly lower mem-
branes, nondeterministically chosen if several exist; if no internal membrane exists,
then a rule with the target indication in cannot be used.

A computation is successful only if it stops; that is, a configuration is reached
where no rule can be applied to the existing arrays. The result of a halting computa-
tion consists of the arrays composed only of symbols from T received in the output
membrane with label io in the halting configuration. The set of all such arrays com-
puted or generated by a system Π is denoted by AL(Π). The families of all array
languages generated by array P systems as above, with at most m membranes, with
CF or regular array rules, are respectively denoted by EAPm(CF ) and EAPm(REG).

An array P system generating the array language Lstar consisting of the star-
shaped arrays over {a}, with each of the stars having four arms of equal length, is
given in [13]. In other words,

Lstar = {
a

a a a
a

,

a
a

a a a a a
a
a

,

a
a
a

a a a a a a a
a
a
a

, · · · }.

We now describe the array P system generating the star-shaped arrays of Lstar. Let
Πs1 = (V, {a},#, µ, F1, F2, F3, F4, F5, R1, R2, R3, R4, R5, 5), where

V = {A,B,C,D,B′, C ′, D′, X1, X2, X3, X4, a}, µ = [1[2[3 [4 [5 ]5]4]3]2]1.
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The axiom sets are given by

F1 = {M1,M2},M1 =
A

D a B
C

, M2 =
X1

X4 a X2

X3

, F2 = F3 = F4 = F5 = ∅.

The sets of rules are given by

R1 = {r1,1 :
#
A

→ A
a

(in), r1,2 : X1 → a (in)},

R2 = {r2,1 : B # → a B′(in), r2,2 : B′ → B (out), r2,3 : X2 → a (in)},

R3 = {r3,1 :
C
#

→ a
C ′ (in), r3,2 : C ′ → C (out), r3,3 : X3 → a (in)},

R4 = {r4,1 : # D → D a (out), r4,2 : # D → D′ a (in), r4,3 : X4 → a (in)},

R5 = {r5,1 : A → a, r5,2 : B′ → a, r5,3 : C ′ → a, r5,4 : D′ → a}.

Intuitively, a computation in Πs1, that starts with the array M1, moves the array
from region 1 to region 4 through regions 2, 3 with each arm of the star-shaped array
growing by the symbol a for each step. The array either comes back to region 1 from
region 4 through regions 2, 3 or is sent to region 5. In the former case, the process
repeats; while in the latter case, the desired array is formed over {a} and is collected
in the language.

Lemma 1. ([13]) Lstar ∈ EAP5(REG).

There are many array grammar models of the non-isometric variety generating
m×n (m,n ≥ 1) rectangular arrays of symbols withm rows and n columns and among
these we recall here the two-dimensional right-linear grammar (2RLG). We follow
the description in [6]. There are two sets of rules in a 2RLG grammar: horizontal
and vertical rules that correspond to Chomsky regular grammars. This model first
generates a (horizontal) string using the horizontal rules and then the vertical rules
are applied in parallel generating a rectangular array.

Definition 2. A two-dimensional right-linear grammar (2RLG) is a construct
G = (Vh, Vv,ΣI ,Σ, S,Rh, Rv), where

• Vh is a finite set of horizontal nonterminals,

• Vv is a finite set of vertical nonterminals,

• ΣI ⊂ Vv is a finite set of intermediates,

• Σ is a finite set of terminals,

• S ∈ Vh is the start symbol,

• Rh is a finite set of horizontal rules of the form X → AY,X → A, X, Y ∈
Vh, A ∈ ΣI ,



Parallel Array-rewriting P Systems 109

• Rv is a finite set of vertical rules of the form of B → aD,B → a, B,D ∈ Vv, a ∈
Σ.

There are two phases of derivation in a 2RLG. In the first phase, starting with
S, the horizontal rules are applied (as in a regular grammar) generating strings over
intermediates. In the second phase, each intermediate in such a string serves as
the start symbol for the second phase. The vertical rules are applied in parallel,
downwards, in this phase for generating the columns of the rectangular arrays over
terminals. Note that a 2RLG generates rectangular arrays of symbols. We denote
by L(2RLG) the family of array languages generated by two-dimensional right-linear
grammars.

3. Parallel Array P Systems

In formal language theory, the concept of rewriting all symbols in a string in
parallel is well-known and well-investigated [10]. In the area of string-rewriting P
systems, the case of all strings in a region being processed with application of a
rewriting rule being sequential in the level of the string, has been studied in detail
[8, 16]. The case of rewriting in parallel all symbols in a string in a region has also
been investigated [1, 2, 7]. In the array P systems introduced in [3], the sequential
analog is used in the sense that only one context-free array rule is used in processing
an array in a region. So, it is natural to introduce and examine the feature of parallel
rewriting of arrays in the regions of the array P system. This is done in the following
definition by introducing a variant of array P systems, called parallel array P system.

Defintion 3. A parallel array P system (PAP, for short) is a construct

Π = (V, T,#, µ, F1, . . . , Fm, R1, . . . , Rm, io),

where the components are defined as in an array P system (Definition 1). In an
array A processed in a region, if there is a context-free array rule that can rewrite a
subarray containing a nonterminal A while other pixels, if any, in this subarray have
the blank symbol #, then a set of such rules is used to rewrite all nonterminals in the
array A. Also, all the context-free array rules applied to an array in a region should
have the same target indication, “here”, “in”, “out”. If in a region, no set of rules
having the same target indication is available for rewriting all the nonterminals in an
array in that region, then the array is not processed and remains in the same region.
Also, if two context-free array rules A → B, C → D are applied to an array overlap
in the sense that arrays A and C have to use some common pixels for successfully
applying the rules, then the array is not rewritten. In other words, we consider only
the overlap-free case.

The families of all array languages generated by parallel array P systems as above,
with at most m membranes, with CF and regular array rules are respectively denoted
by PAPm(CF ) and PAPm(REG).

Remark 1. The requirement that all the rules applied in parallel to an array
have the same target indication, is imposed in order to take care of a kind of deadlock
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situation that might arise when a set of context-free rules with different target indi-
cations are applied to an array. This feature of deadlock has been suitably handled
in the string case [2].

We now illustrate the working of a parallel array P system.

Example 1. Consider the following parallel array P system
Π1 = ({A,B, a}, {a},#, [

1
[
2
]
2
]
1
, {A

a B } , ∅, R1, R2, 2), with

R1 = {1. #
A

→ A
a

, 2. B# → aB, 3. B → a (in), 4. A → a(in)}, R2 = ∅.

a
a
a
a
a
a a a a a a

Fig. 3. L-shaped array with equal arms.

Starting with the axiom array A
a B in region 1, the vertical arm and the horizontal

arm are grown together, one symbol at a time, by applying in parallel the rules 1 and 2
as many times as needed. Note that both these rules have the same target indication
(here). When the rules 3 and 4 (having the same target indication) are used, the
derivation halts and the array in the shape of L with equal arms (Fig. 3) enters region
2, where it is collected in the language generated. Note that there are no rules in
region 2 and hence no array in region 2 can evolve further.

As noted in Lemma 1, an array P system with five membranes and regular array
rules generates the language Lstar. If we use a parallel array P system, the number
of membranes used is only 2, thus yielding a reduction in the number of membranes
required.

Lemma 2. Lstar ∈ PAP2(REG).

Proof. We now define a parallel array P system generating the star-shaped arrays
of Lstar. Let Πs2 = (V, {a},#, µ,A1, A2, R1, R2, 2), where V = {A,B,C,D, a}, µ =

[1[2 ]2]1. The axiom sets are given by A1 = {M1 =
A

D a B
C

}, A2 = ∅. The sets of rules
are given by

R1 = {r1 :
#
A

→ A
a

, r2 : B # → aB, r3 :
C
#

→ a
C

, r4 : #D → Da,

r5 : A → a(in), r6 : B → a(in), r7 : C → a(in), r8 : D → a(in)}; R2 = ∅.
The axiom array M1 is in region 1. The context-free array rules r1, r2, r3, r4 in region
1 can be used in parallel as they have the same target indication. The parallel
application of these rules grows all the four arms together, one symbol in each arm at
one step. When the rules r5, r6, r7, r8 having the same target indication in are applied
in parallel, the resulting array that is an element of Lstar enters region 2, where it
will be collected in the language generated. Note that there are no rules in region 2.
�

We now compare the generative power of PAP with AREG and L(2RLG).
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Theorem 1. PAP2(REG)−AREG ̸= ∅.

Proof. The array language consisting of arrays over {a} in the shape of L with
equal horizontal and vertical arms (Fig. 3) is generated by a PAP with 2 membranes
and regular array rules as seen in Example 1. But it is straightforward to see that no
regular array grammar can generate this language, since in a regular array grammar, a
sentential form array contains at most one nonterminal symbol, which means that the
horizontal and vertical arms cannot be grown equally by regular array productions.
�

Lemma 3. L(2RLG) ⊆ PAP3(CF ).

Proof. Given a 2RLG, G = (Vh, Vv,ΣI ,Σ, S,Rh, Rv), we construct a PAP with
three membranes and CF array rules as follows:
Π2 = (Vh ∪ Vv ∪ {A′ | A ∈ ΣI} ∪ Σ,Σ,#, [1[2[3 ]3]2]1, {S}, ∅, ∅, R1, R2, R3, 3), with

R1 = {X# → A′ Y, A′ → A′ | X → AY ∈ Rh, X, Y ∈ Vh, A ∈ ΣI}

∪{X → A(in) | X → A ∈ Rh, X ∈ Vh, A ∈ ΣI}

∪{A′ → A(in) | A ∈ ΣI},

R2 = { B
#

→ a
D

| B → aD ∈ Rv, B,D ∈ Vv, a ∈ Σ}

∪{B → a(in) | B → a ∈ Rv, B ∈ Vv, a ∈ Σ},

R3 = ∅.

We note that the rules of R1 simulate the derivations in the horizontal phase of
G generating strings of intermediates. In fact, the rules with target indication in
terminate a derivation whenever termination happens in the first phase of G and the
string is sent to region 2. In this region, the rules of R2 simulate the parallel derivation
of the second vertical phase of G, generating rectangular arrays of the array language
generated by G with the arrays being sent to region 3, where they are collected in the
language. These arrays cannot further evolve as there are no rules in region 3. �

Lemma 4. PAP3(CF )− L(2RLG) ̸= ∅.

Proof. Consider the parallel array P system

Π3 = (V,Σ,#, [
1
[
2
[
3
]
3
]
2
]
1
, {AB}, ∅, ∅, R1, R2, R3, 3),

with V = {A,B,X, Y,X ′, Y ′, a, b}, Σ = {a, b},

R1 = {#A → AX ′, B# → Y ′B,X ′ → X ′, Y ′ → Y ′, }

∪{A → X(in), B → Y (in), X ′ → X(in), Y ′ → Y (in), },

R2 = { X
#

→ a
X

,
Y
#

→ b
Y

,X → a(in), Y → b(in)},

R3 = ∅.
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Starting with the axiom array AB in region 1, the array rules of R1 generate strings
(one dimensional arrays) of the form XnY n, n ≥ 1 with the processing ending in
region 1 by the application of array rules with target indication in. These strings are
sent to region 2 where the array rules applied to XnY n generate in parallel n columns
of strings of a’s followed by n columns of strings of b’s. In other words, Π3 generates
an array language L(Π3) consisting of m × 2n, m, n ≥ 1 rectangular arrays with n
(n ≥ 1) columns of a’s followed by an equal number of columns of b’s. A member
of L(Π3) is shown in Figure 4. Thus, L(Π3) ∈ PAP3(CF ). It can be seen that no
2RLG can generate the language of such arrays. In fact, if there is a 2RLG generating
the array language L(Π3), it will have two phases with both phases involving only
regular (string grammar) rules. The first horizontal phase can generate only a regular
(string) language, whereas any array in L(Π3) has an equal number of columns of a’s
and columns of b’s, and would therefore involve a non-regular language. �

a a a b b b
a a a b b b
a a a b b b
a a a b b b
a a a b b b
a a a b b b

Fig. 4. A rectangular array with 3 columns

of a’s followed by 3 columns of b’s.

As a consequence of Lemmas 3 and 4, we obtain the following Theorem.

Theorem 2. L(2RLG) ⊂ PAP3(CF ).

Note that the inclusion in Theorem 2 follows from Lemma 3 and the proper in-
clusion from Lemma 4.

Generation of geometric figures such as rectangles and squares is one of the prob-
lems of interest in the study of two-dimensional picture grammars. It is known that
hollow rectangles (Figure 5) or squares (Figure 6) made of a’s (rectangular frames with
hollow region inside the rectangle or square) cannot be generated by even a context-
free array grammar [15]. We examine the problem of generation of such hollow rect-
angles of a’s as well as hollow squares of a’s in the context of parallel array P system.
We use the technique of having a strong priority of application of rules in a region
with the same target indication. For example, specifying r1 : A# → aA, r2 : A → a
with r1 > r2 would mean that rule r2 can be applied only when rule r1 cannot be
applied. This kind of specifying priority has been studied in string rewriting P sys-
tems [8]. We denote the families of all array languages generated by parallel array P
systems with at most m membranes, with context-free or regular array rules and a
priority relation > (as mentioned above) on the rules, respectively by PAPm(CF, pri)
and PAPm(REG, pri).

Lemma 5. The array language RH consisting of hollow rectangles of a’s belongs
to PAP2(REG, pri).
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Proof. We construct a parallel array P system Π3 having two nested membranes
with regular array rules and a priority specified on the rules, in order to generate RH .
Define

Π4 = (V,Σ,#, [
1
[
2
]
2
]
1
, {AaB}, ∅, R1, R2, 2),

where V = {A,B,C,D,A′, B′, D′, a},Σ = {a},

R1 = {A → A,B# → aB,
#
A

→ A′

a
(in),

#
B

→ B′

a
(in), C → C,

#D → Da,C → a(in),#D → D′a(in) > D → a(in)},

R2 = { #
A′ → A′

a
,

#
B′ → B′

a
,A′# → aC(out),#B′ → Da(out)}.

Starting with the axiom AaB, the array rules in region 1 generate a horizontal string of
the form AanB which will be the bottom row of the hollow rectangle to be generated.
When the leftmost and rightmost ends of this string begin growing one step up by
the application of the rules with target indication in, the array is sent to region 2.
The leftmost and rightmost columns of the hollow rectangle are grown equally, until
A′# → aC(out),#B′ → Da(out) are applied, which begin growing the upper row
one step from the left and right. The array is sent back to region 1 where upper row
is grown from the right. The correct application of the rules C → a(in), D → a(in)
generates the hollow rectangle over a’s (Figure 5), which is then sent to the output
region 2. The priority relation #D → D′a(in) > D → a(in) ensures that any
premature application of the rules C → a(in),#D → D′a(in) will result in the
nonterminal D′ appearing in the row which cannot be removed and hence this array
is not collected in the array language. �

a a a a a a a a
a a
a a
a a
a a a a a a a a

Fig. 5. A hollow rectangle of a’s.

Lemma 6. The array language SH consisting of hollow squares of a’s belongs to
PAP3(REG, pri).

Proof. We construct a parallel array P system Π5 having three nested membranes
with regular array rules and a priority specified on the rules, in order to generate SH .
Define Π5 = ({A,B,C,D,D′, a}, {a},#, [

1
[
2
[
3
]
3
]
2
]
1
, {A

a B } , ∅, ∅, R1, R2, R3, 3),

R1 = { #
A

→ A
a

,B# → aB,
#
B

→ D
a

(in), A# → aC(in)},

R2 = {C# → aC,
#
D

→ D
a

,C# → aa(in),
#
D

→ D′

a
(in) > D → a(in)},
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R3 = ∅.

Starting with the axiom array A
a B , the left column and bottom row of the hollow

square to be generated are grown equally using the array rules in region 1 until the
rules with target indication in are used, which start the generation of the upper row
and right column. The array is sent to region 2 where the upper row and right
column are grown until they meet in a correct sequence of application of the rules
in this region, with the hollow square of a’s generated. Again, the priority relation
#
D

→ D′

a
(in) > D → a(in) will ensure that a wrong application will result in the

nonterminal D′ getting stuck in the upper row and thus such an array is not collected
in the language. �

Remark 2. It remains open whether the priority relation in the Lemmas 5 and
6 can be relaxed.

4. An Application and Concluding Remarks

As an application of the parallel P system model, we consider the problem of
generating the language Lf of picture arrays describing certain “floor designs”. The
first two members of the floor designs (in terms of increasing size) are shown in Fig. 7.

With the symbol a standing for the floor design z in a unit square and b standing
for a blank square, we construct a PAP system Πf with three membranes to generate
Lf . Define

Πf = (V, {a, b},#, [1[2[3 ]3]2]1, F1, F2, F3, R1, R2, R3, 3),

where V = {A,B,C,D,A1, B1, C1, D1, X, Y, Z,W, a, b},

F1 =
{

A b B
b a b
C b D

}
, F2 =

{
X b Y
b a b
Z b W

}
, F3 = ∅,

R1 =

{
r1,1 :

# # #
# # #
# # A

→
A1 b a
b a b
a b a

(in), r1,2 :
# # #
# # #
B # #

→
a b B1

b a b
a b a

(in)

}
∪
{
r1,3 :

# # C
# # #
# # #

→
a b a
b a b
C1 b a

(in), r1,4 :
D # #
# # #
# # #

→
a b a
b a b
a b D1

(in)

}
,

R2 = {r2,1 : A1 → A(out), r2,2 : B1 → B(out)}

∪ {r2,3 : C1 → C(out), r2,4 : D1 → D(out)}

∪ {r2,5 : A1 → a(in), r2,6 : B1 → a(in), r2,7 : C1 → a(in), r2,8 : D1 → a(in)}

∪ {r1 : X → a(in), r2 : Y → a(in), r3 : Z → a(in), r4 : W → a(in)} ,

R3 = ∅.

The parallel array P system generates the language Lf consisting of arrays over {a, b},
the first two members (in terms of increasing size) of which are shown in Fig. 6. With
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a replaced by z and b by a blank square, the first two members of the language Lf

describing “floor design” patterns are shown in Fig. 7.

a b a b a b a
b a b b b a b
a b a b a b a
b b b a b b b

a b a a b a b a b a
b a b b a b b b a b
a b a a b a b a b a

Fig. 6. The first two arrays generated by Πf .

z z z z
z z

z z z z
z

z z z z z z
z z z

z z z z z z

Fig. 7. The first two floor design patterns generated by Πf .

In [11, 14], a sequential/parallel array P system (S/P RAP) is considered. In
this system, the rules in a membrane are either context-free or regular string type
rules with (horizontal) sequential rewriting as in Chomsky grammars [10] or the rules
in a membrane are string type right-linear rules with rewriting in parallel in the
vertical direction as in the two-dimensional (2D) matrix grammars [6]. Pictures that
are rectangular arrays are generated by an S/P RAP system. We note that the
language Lf cannot be generated by any S/P RAP system, since any array in Lf

is a square array and has the feature of having a’s in all the cells of the diagonals
of the array. An S/P RAP system can at most generate arrays that involve a row
having the same symbol since the rewriting in parallel in the vertical direction uses
only right-linear type rules. Also, an S/P RAP system has no component that can
keep track of the varying depth of a symbol in a diagonal counting from the top row
of the square array.

Comparisons with other array generating models can also be made. It will be
of interest to examine the possibility of using the parallel array P system models to
generate more complex objects.
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