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Abstract. Spiking neural P systems (shortly called SN P systems) are
a class of distributed and parallel neural-like computing devices, which are in-
spired by the way of biological neurons communicating with each other by means
of impulses/spikes. SN P systems with cooperating rules are a new variant of
SN P systems, where each neuron has the same number of components and
some components of a neuron can be empty. In a step of a computation, one
component from each neuron is used, with the same label in all neurons; from
these components, one rule is applied, in the way usual in SN P systems. In
the terminating mode, adopted in this paper, after choosing a component of the
neurons, this component is applied until no rule from this component, in any
neuron, is enabled (we switch from a component to another one, nondeterminis-
tically chosen, when no rule of the component can be used, in any neuron of the
system). In this work, we investigate how many neurons are needed to construct
a Turing universal SN P system with cooperating rules as a number generator
in terminating mode. Specifically, we construct a Turing universal SN P system
having 8 neurons, which can generate/compute any set of Turing computable
natural numbers. This result gives an answer to an open problem formulated in
[V.P. Metta, S. Raghuraman, K. Krithivasan, CMC15, 267-282, 2014].
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1. Introduction

Spiking neural P systems (shortly called SN P systems) were introduced in [4] as
a class of parallel and distributed computation models, which were abstracted from
the neurophysiological behavior of neurons spiking and sending electrical impulses
along axons to other neurons. In SN P systems, the processing elements are called
neurons which are placed in the nodes of a directed graph, with the arcs representing
the synapses. The content of each neuron consists of a number of copies of a single
object type, called the spike. Every neuron may also contain a number of firing and
forgetting rules. Firing rules allow a neuron to send information to other neurons
in the form of electrical impulses (also called spikes) which are accumulated at the
target neurons. With the application of the forgetting rule, a predefined number of
spikes will be removed from the neuron.

Many computational properties of SN P systems have been investigated (e.g. see
[22]). SN P systems were proved to be Turing universal as number accepting or
generating devices [4], language generators [1,2], and function computing devices [10,
15,19]. SN P systems with neuron division and budding can generate an exponential
working space during the computation, thus provide a way to (theoretically) solve
computationally hard problems in a feasible time [12].

Inspired by different biological facts, many variants of SN P systems have also been
proposed, such as asynchronous SN P systems with local synchronization [26], SN P
systems with astrocyte-like control [14,21], SN P systems with anti-spikes [6,13,28],
SN P systems with rules on synapses [27], some classes of homogenous SN P systems
[30—-32]. Most of the variants of SN P systems are Turing universal as number gener-
ating/accepting devices, language generating devices or function computing devices.

Finding small universal computing devices is a traditional research topic in com-
puter science, whose aim is to construct universal computing devices (equivalent with
the Turing machine) using less computation resources, such as small universal Tur-
ing machine [23], small universal register machine [5], small universal cellular au-
tomata [11]. The topic of finding small universal SN P systems was initialled by A.
Paun and G. Paun in [19], where the computing resource refers to the number of
neurons in the systems. It is obtained that as number generating devices 76 neu-
rons are sufficient to achieve universality by using standard spiking rules; when using
extended spiking rules, 50 neurons are sufficient. Following the research line, some
smaller universal SN P systems have also been constructed, see [10,33], where differ-
ent techniques are proposed with the purpose of decreasing the number of neurons
of Turing universal SN P systems. The number of neurons in Turing universal SN P
systems can be reduced to 3 with using infinite rules in neurons [9]; if we use a finite
number of rules in each neuron, the number of neurons in Turing universal SN P
systems can be reduced to 10 [15]. For the variants of SN P systems, small universal
systems were also constructed, e.g., small universal SN P systems with anti-spikes
are proposed in [25], small universal SN P systems with rules on synapse are con-
structed in [27], small universal sequential SN P systems [20], small universal spiking
neural P systems working in exhaustive mode [16], small universal asynchronous SN
P systems [17].
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Recently, SN P systems with cooperating rules were proposed in [7], by introducing
the concept of cooperation and distribution as known from the grammar systems [3]
into SN P systems. In SN P systems with cooperating rules, each neuron has the
same number of components, say ¢, labeled for each neuron with the same labels,
1,2,...,q; some components of a neuron can be empty. In a step of a computation,
one component from each neuron is used, with the same label in all neurons; from these
components, one rule is applied, in the way usual in SN P systems. The active compo-
nent can be switched from one to another during the computation, which depends on
the different cooperation strategies (five cooperating strategies were proposed in [7]).
In the terminating mode, adopted in this paper, after choosing a component j of
the neurons, this component is applied until no rule from this component, in any
neuron, is enabled (we switch from a component to another one, nondeterministically
chosen, when no rule of the component can be used, in any neuron of the system).
It was proved that asynchronous SN P systems with cooperating rules, and strongly
sequential unbounded SN P systems with cooperating rules are Turing universal [7].

In this work, we investigate how many neurons are needed to construct Turing
universal SN P system with cooperating rules, that is, how many neurons are needed
to construct SN P systems with cooperating rules to simulate Turing Machines or
equivalent computing devices. Specifically, we construct a Turing universal SN P
system with cooperating rules having 8 neurons, which can generate/compute any
set of Turing computable natural numbers. It is noted that the number of rules
in any neuron of the Turing universal system is finite. Compared with the Turing
universal SN P systems constructed in [15] (which has 10 neurons and finite rules in
any neuron), the Turing universal system constructed in this work has less neurons
(8 neurons), which implies that with the benefit of cooperating rules we can use less
computing sources to achieve Turing universal SN P systems. As well, this result
gives an answer to an open problem formulated in [7].

2. Spiking Neural P Systems with Cooperating Rules

Before we introduce SN P systems with cooperating rules, we recall some prereq-
uisites. It is useful for readers to have some familiarity with basic elements of formal
language theory, e.g., from [24].

For an alphabet 3, ¥* denotes the set of all finite strings of symbols from ¥; the
empty string is denoted by A, and the set of all nonempty strings over ¥ is denoted by
Y+, When ¥ = {a} is a singleton, we write simply a* and a™ instead of {a}*,{a}T.

A regular expression over an alphabet X is defined as follows: (i) A and each
a € ¥ is a regular expression, (ii) if Ej, Es are regular expressions over ¥, then
(E1)(E2), (E1) U (F2), and (E;)" are regular expressions over ¥, and (iii) nothing
else is a regular expression over Y. With each regular expression E we associate
a language L(FE), defined in the following way: (i) L(A) = {A\} and L(a) = {a},
for all @ € 3, (i) L((E1) U (Es)) = L(Fy) U L(Es2), L(E1)(Es)) = L(E1)L(E2),
and L((E1)") = (L(Ey))™, for all regular expressions Fi, E5 over X. Unnecessary
parentheses can be omitted when writing a regular expression, and (E)* U {\} can
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also be written as E*.

We define here SN P systems with cooperating extended rules as well as the family
of sets of numbers generated /computed by the systems.

An SN P system with cooperating rules of degree m > 1 is a construct as follows:

ITI=(0,01,09,...,0m, syn,in,out), where
e O = {a} is the singleton alphabet, a is called spike;
o X ={1,2,...,q} is the set of labels of component;
® 01,09,...,0, are neurons of the form o; = (n;, R;) with 1 <4 <m, where

(1) n; € Nis the initial numbers of spikes contained in neuron o;, respectively;

(2) Ri = Uy Ri, where Ry is a finite set of rules (component [) containing
rules of the following two forms:

(a) E/a® — aP;d, where F is a regular expression over O, ¢ > p,c¢ > 1 and
p,d > 0;

(b) a®* — A, for some s > 1, with the restriction that a®* ¢ L(F) for any
rule E/a® — aP;d from the same component;

e syn C {1,2,...,m} x {1,2,...,m} with (i,4) ¢ syn, is the set of synapses
between neurons;

e in,out € {1,2,...,m} indicate the input and output neuron, respectively.

Each neuron has the same number of components, say ¢, labelled by 1,2,...,¢q,
and each component may contain a set of rules; some components of a neuron can be
empty. In a step of a computation, one component from each neuron is used, with the
same label in all neurons; from these components, one rule is applied, in the way usual
in SN P systems. After that another (not necessarily different) component of each
neuron becomes active. At the beginning of the computation, a non-deterministically
chosen component is active in each neuron. The way of switching active components is
called a cooperation protocol. Series of cooperation protocols among the components
in neurons of an SN P system have been considered in [7]. In the terminating mode,
adopted in this paper, after choosing a component j of the neurons, this component
is applied until no rule from this component, in any neuron, is enabled (we switch
from a component to another one, nondeterministically chosen, when no rule of the
component can be used, in any neuron of the system). For convenience, in what
follows, the mode is not explicitly and repeatedly stated.

A rule E/a® — aP;d with p > 1 is called an extended spiking rule; if p = 1, the
rule is called a standard spiking rule. The spiking rules are applied as follows. For
E/a® — aP;d € Ry, if neuron o; contains k spikes such that a* € L(E), k > ¢, and
component [ is active at that moment, then the rule is enabled; ¢ spikes from neuron
o; are consumed and p spikes are sent to each neuron ¢; with (4,j) € syn after a
delay of d steps. If d = 0, then the p spikes are sent to the target neuron immediately.
If the rule is used in step t and d > 1, then in steps ¢, t+ 1, ..., t +d — 1 the synapse



A Small Universal SN P System with Cooperating Rules 181

cannot use any other rule. In step ¢ + d, the p spikes are sent to neuron o;. If the
rule is used in step ¢ and d > 1, then in steps ¢, t + 1, ..., t +d — 1 the neuron is
closed (this corresponds to the refractory period from neurobiology), so that it cannot
receive new spikes (if a neuron has a synapse to a closed neuron and tries to send
several spikes along it, then these particular spikes are lost). If L(E) = {a}, then
the rule can be written in the simplified form a® — aP;d; if d = 0, then the rule can
be simply written as E/a® — aP.

In each time unit, if a neuron can use one of its rules, then a rule must be used.
It is possible that there are more than one rule that can be used in a neuron at some
moment, since two spiking rules, F;/a®* — aP';d; and F3/a®® — aP?;dy, may have
L(E1) N L(Es) # (). In this case, the neuron will non-deterministically choose one of
the enabled rules to use.

A rule of the form a® — A is called a forgetting rule. When neuron o; contains
exactly s spikes and the active component is [, then a forgetting rule a® — A € R;; is
enabled. By using it, s > 1 spikes are removed from the neuron.

The configuration of the system is described by both the number of spikes asso-
ciated with each neuron and by the number of steps to wait until it becomes open
(this number is zero if the neuron is already open). Thus, the initial configuration is
(n1/0,n2/0,...,n.,/0). In each neuron, at each step, if there is more than one rule
enabled from the active component by its current contents, then only one of them
(chosen non-deterministically) can fire. But the system as a whole evolves in a par-
allel and synchronizing way, at each step, all the neurons (that have an enabled rule)
choose a rule from the active component and all of them fire at once. Using the rules
in the above way, the system passes from one configuration to another configuration;
such a step is called a transition.

A computation of system II is a finite or infinite sequence of transitions starting
from the initial configuration, and every configuration appearing in such a sequence is
called reachable. A computation halts when the system reaches a configuration where
no rule can be used (i.e., the SN P system has halted). The result of a computation is
defined as the number of spikes emitted by the output neuron when the system halts.
The set of all numbers generated/computed in this way by system II is denoted by
Niot(IT) (the subscript tot indicates that the computation result is the total number
of spikes emitting to the environment).

We denote by Nyt SN P,,CR,(a, forg) the family of sets of numbers generated by
SN P systems with cooperating rules of degree m, where the number of components
in any neuron is p, « € {stan, extend} indicates standard or extended spiking rules
being used in any neuron, and forgetting rules are used. The indices m and p are
replaced with * when no bound is imposed on the respective parameter.

3. Small Universal SN P Systems with Cooperating Rules

In this section, we construct a Turing universal SN P systems with cooperating
rules having 8 neurons. Since the related proof is based on the simulation of register
machines, we recall the notion of register machine [8].
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A register machine is a construct M = (m, H,ly, 1, I), where m is the number
of registers, H is the set of instruction labels, Ij is the start label (labeling an ADD
instruction), [ is the halt label (assigned to instruction HALT), and I is the set
of instructions; each label from H labels only one instruction from I, thus precisely
identifying it. The instructions are of the following forms:

e I; : (ADD(7),1;,1x) (add 1 to the register r and then go to one of the instructions
with label [; and I, non-deterministically chosen),

e I; : (SUB(r),l;,1x) (if register r is non-empty, then subtract 1 from it and go to
the instruction with label I;; otherwise, go to the instruction with label l;),

e [;, : HALT (the halt instruction).

It is known that register machines generate all sets of numbers which are Turing
computable, hence they characterize NRE (the family of Turing computable sets of
numbers), even using register machines with only three registers [8].

Without loss of generality, it can be assumed that in the halting configuration,
all registers different from the first (where the computation result is stored) one are
empty, and that the first register is never decremented during the computation (its
content is only added to).

We follow the following convention. When the computational power of two number
generating devices D1 and D5 is compared, we use the convention that number zero
is ignored; that is, N(D1) = N(D3) if and only if N(D;) — {0} = N(D3) — {0} (this
corresponds to the usual practice of ignoring the empty string when comparing the
power of two devices in language and automata theory).

Theorem 1. N;,;SNPsCRy(extend, forg) = NRE.

Proof. Tt is enough to prove the inclusion NRE C Ny, SN PsC Ry (extend, forg),
since the converse inclusion is straightforward (or we can invoke for it from the Turing-
Church thesis).

Let M, = (3, H,lo,lm,I) be a universal register machine with 3 registers (labeled
by 0, 1, 2), where H = {lo,l1,l2,...,l;n} is the set of instruction labels, Iy is the
start label and [,,, is the halt label (assigned to instruction HALT). Without lose of
generality, we assume that register 0 stores the computation result and is not subject
to subtraction operations. In what follows, we shall construct an SN P systems with
cooperating rules II having 8 neurons to simulate the register machine M,. The
structure of system II is given in Fig. 1, where each neuron has two components, i.e.,
¥ = {1,2} and the spiking/forgetting rules are specified in Table 1.

The system II consists of 8 neurons, labelled with state, s1, s, d, 0,1,2 and out.
For each instruction I; of M,,, a spiking rule in neuron o is associated, and the
rule is enabled if and only if neuron ogyqse contains T +1 spikes, where T' = 11(m+1).
For registers 0, 1 and 2 of register machine M,,, neurons o1, o2 and o3 are associated.
The number stored in register ¢ is represented by the number of spikes in neuron o;,
i = 0,1,2. Specifically, if register 0 has number n > 0, there are 7n spikes in neuron
09; if register 1 has number n > 0, there are 8n spikes in neuron oy; if register 2 has
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Table 1. The rules associated with neurons of system II, where 7' = 11(m + 1)

Neurons

The set of rules

Osq

T+2 N aT

=

Component 1: a
for ADD instructions acting on registers 0, 1, 2;
Component 2: aT'*':;/aT‘*'1 —aT, aTt2 5 o7, (J,T'*'Al/a:’w"'3 — gTtt

for SUB instructions acting on registers 1 and 2;

T+2 _, T

=

Component 1: a

for ADD instructions acting on registers 0, 1, 2;

Component 2: aT+3 /a7 & o7 o712 5 o7, T4 /aT+3 5 oTF1

for SUB instructions acting on registers 1 and 2;

go

=

s a®@)*/a® = a, a®(@")* /a® = a
for ADD instructions on registers 1 and 2;
a®(a™)*/a® = a, a*(a")*Ja* = a
for SUB instructions acting on register 1;
a®(a™)*/a® = a, a*(a")*Ja* = a
for SUB instructions acting on register 2;

alg(a7)+/a7 — a77 a'® — a7;

Component

Component 2:

=

s a’(a®)*/a" = a, a®(@®)*/a® = a
for ADD instructions on registers 0 and 2;

ag(ots)Jr/a11 —a®, a® = a, a4(a8)*/a4 — a?

Component

for SUB instructions acting on register 1;
a®(a®)* /a® — a, a*(a®)*/a* = d?
for SUB instructions acting on register 2;

Component 2: 0

—

s a’(@®)*/a® = a, a®(a®)*/a” = a
for ADD instructions on registers 0 and 1;
a®(a®)* /a® = a, a*(a®)*/a* = d?
for SUB instructions acting on register 1;
a®(a®)T /a** = a®, a® — a, a*(a®)*/a* = a®

for SUB instructions acting on register 2;

Component

1 0

Component

=
Component 1: a®> = a?, a® > a®, a® 5 a*, a® =5 X, a” = A

Oout

ca— N\ ad > a;

20

Component

Component

Ostate

2

1
Component 2: )

1

2

1

Component 1:

aT+ijqTHi=d o7 qT+ijqTHi—k o7

for each ADD instruction I; : (ADD(0), 5, Ik );

aTHi/aT+i=0 o8 T+ijgTHizk _ ;8

for each ADD instruction I; : (ADD(1),;, lx);

aT+i/aT+i*j — (197 aT+1ﬂ/aT+i7k — [1.9

for each ADD instruction I; : (ADD(2), 5, lx);

aTHijqitl 5 g3, q2THi=1 jqTHizi=1 _ g4 o2T+i o Ti—k _, 4
for each SUB instruction I; : (SUB(1), 5, lx)

aTHi/qitl 5 g8 q2THi=1 jqTHimi=1 | g4 o 2T+i  THi-k |, g4
for each SUB instruction I; : (SUB(2),1;,lx)

aT+™ — 45 for halt instruction l,, : HALT.

Component 2:

183
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Fig. 1 The structure of system II, where T'=11(m + 1) + 1.

number n > 0, there are 9n spikes in neuron ¢5. Neuron o,,; has an outgoing synapse
to the environment outputting the computation result of the system. Neurons oy,
and o, are used to supplement the number of spikes consumed from neuron ogtgze
during the computation. The neurons in system II has two components, labeled by
1 and 2. All neurons are associated with empty set of rules in their component 2,
except that neurons o, and o, have rules in its component 2 (such rules can be used
only when SUB instructions are simulated).

Initially, all neurons contain no spike with the exception that neurons o4 ,te has
T spikes (it means the system starts to simulate instruction l), and each of neurons
0s,,0s, has T spikes. When neuron ostq¢e has T'+1 spikes, system II starts to simulate
an instruction I; : (OP(r),l;,1}): starting with firing neuron ogq¢e, operating neuron
o, as requested by OP, and the number of spikes in neuron g4t becomes T + j or
T + k, which means that system II starts to simulate instruction I; or l;. When
neuron ogqte has T 4+ m spikes, it indicates that a computation in M, is completely
simulated in II. The number of spikes emitted to the environment from neuron o,
is exactly the number stored in register 0 of M,. We can find that the function of
Neuron Ogate is somewhat similar with “the finite set of states” in Turing machine,
that is why we use the label state for this neuron.

Simulation of ADD instructions

Assume that the system is at a step starting to simulate an ADD instruction /; :
(ADD(0), 1,1 ); that is, neuron ogqe contains T+ i spikes. So, the rules a?+¢/aT+i=J
— a” and aT*?/aTT=F — a7 are enabled, and one of them is non-deterministically
chosen and applied.

If rule a”*/aT*=3 — a7 is applied, neuron oq¢. ends with (T+4)—(T4i—j) = j
spikes and sends 7 spikes to each of neurons o(, o1 and o3, respectively. The number
of spikes in neuron oy is increased by 7, which simulates the number stored in register
0 is added by one. By receiving 7 spikes, neurons o1 and oo will fire by using rule
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a’(a®)*/a” — a and a”(a%)*/a” — a, sending two spikes to neuron o4. Neuron o4
fires by rule a? — a2, sending 2 spikes to each of neurons o,, and o,,. Having T + 2
spikes in neurons oy, and o,,, they fire by rule a” 2 — o sending T spikes to neuron
Ostate, and the number of spikes in each of neuron o5, and o, returns to 7'. In this
way, the number of spikes in neuron o4t becomes T + j, which means the system
starts to simulate instruction I; of machine M,,.

If rule ™+ /a™+=F — 47 is applied, then neuron oz ends with (7' +i) — (T +
i — k) = k spikes, and the number of spikes in neuron oy is increased by 7, which
simulates that the number stored in register 0 is added by one. Similar with the above
case, after neurons o,, and o, fire, the number of spikes in neuron o4t becomes
T + k, which means the system starts to simulate instruction I of machine M,,.

When system II simulates an ADD instruction /; : (ADD(1),1;,l), neuron ogqa¢e
contains T + i spikes. So, one of the rules a”?*?/a”+=7 — a8 and a7+ /aT+=F — @8
is non-deterministically chosen and applied. The number of spikes in neuron o; is
increased by 8 (simulating the number stored in register 1 is added by one), and the
number of spikes in neuron ogte becomes T + j or T + k, which means system II
non-deterministically starts to simulate instruction [; or Iy of M,,.

Similarly, when system IT simulates an ADD instruction {; : (ADD(2), !}, l;), neuron
Ostate fires by using one of the rules a”*?/a”+" =7 — ¢° and o+ /aT =% — 4% non-
deterministically. The number of spikes in neuron o3 is increased by 9 (simulating
the number stored in register 2 is added by one); and the number of spikes in neuron
Ostate Decomes T + j or T + k, which means system II non-deterministically starts to
simulate instruction l; or l; of M,,.

The simulation of ADD instruction is correct: system II starts with neuron ogtqze
containing T + i spikes; by firing neuron ogt4te, the number of spikes in neuron o, is
increased by f(r) simulating the number stored in register r is increased by one, where
r=20,1,2and f(1) =7, f(2) =8, f(3) = 9; and the system non-deterministically
passes to simulate instruction [; or [ of M,. In simulations of ADD instructions,
only rules from component 1 of the involved neurons are applied; that is, during the
simulation process, no component switching occurs.

Simulation of SUB instructions

Without loss of generality, we suppose that SUB instructions act only on register
1 and 2; that is, register 0 is not subject to SUB instructions, where the computation
result is stored. Assume that the system is at a step simulating a SUB instruction
l; + (SUB(1),l;,lx). At this moment, neuron og4e contains T+ ¢ spikes. So, by
rule aT”/ai+1 — a3, neuron ogqe fires, sending 3 spikes to each of neurons og, o1
and oy. By receiving 3 spikes, neurons g and o3 fire by rules a3(a”)*/a® — a and
a3(a®)*/a® — a, sending two spikes to neuron o4 and one spike to neuron o,,;. The
spike in neuron o, is removed by forgetting rule a — A. In neuron o1, there are the
following two cases.

e If there is no spike in neuron o (corresponding to the fact that the number
stored in register 1 is 0), then by receiving 3 spikes from neuron ogiu¢e, rule
a® — a in neuron oy is applied, sending one spike to neuron o4. In this way,
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neuron o4 accumulates 3 spikes inside. It fires by rule a® — a® sending 3 spikes
to each of neurons o, and o,,. At that moment, no rule from component 1 in
the neurons of the systems can be used, so the system switches to apply rules
from component 2 (due to the switching strategy among components is the
terminating mode). In this way, neurons o, and oy, fire by rule a7*3/a7+1 —
a”, sending T spikes to neuron ogqa¢e, and the two neurons end with T + 2
spikes inside. With T + 2 spikes in neurons oy, and oy,, rule a”’+? — a7 from
component 2 is applied, sending 1" spikes to each of neurons osigte, 0s, and
0s,. The numbers of spikes in neuron o,, and o,, return to 7', and neuron
Ostate accumulates 27T + ¢ — 1 spikes. In the next step, component 1 is active
(since no rule from component 2 can be used), and neuron ogqee fires by rule
a?T+i=1/gT+i=i=1 5 g% sending 4 spikes to each of neurons oy, oy and 0.
Then, neurons oy, 01 and oy fire sending 6 spikes to neuron o4. Neuron oy
removes the 6 spikes by forgetting rule one step later, meanwhile neuron ogiq¢e
ends with (27 +4¢—1) — (T +i—j — 1) = T + j spikes inside, which simulates
system II starts to simulate instruction {; of M,,.

e If there are 8n spikes in neuron o7 with n > 0 (corresponding to the fact that
the number stored in register 1 is n > 0), then by receiving 3 spikes from
Neuron iqate, rule a®(a®)™ /alt — a® in neuron oy is applied sending 3 spikes to
neuron o4. The number of spikes in neuron o7 becomes 8n+3 — 11 = 8(n — 1),
simulating the number stored in register 1 is decreased by one. By receiving
3 spikes from neuron o1, neuron o, accumulates 5 spikes. Neuron oy fires by
rule a® — a*, sending 4 spikes to each of neurons o, and o,,. At that step,
system II switches to use rules from component 2. Neurons o, and o, fire by
rule a”+4/a™+3 — aT*! sending T + 1 spikes to each other as well as sending
T + 1 spikes to neuron ogqte. The numbers of spikes in neurons o,, and o,
become T + 2. With T + 2 spikes in neurons oy, and og,, rule a2 — a7
from component 2 is applied, sending T spikes to each of neurons ogtate, s,
and og,. The numbers of spikes in neurons o, and o, return to 7', and neuron
Ostate accumulates 27 + i spikes. In the next step, component 1 is active,
and neuron o fires by rule a?7+? /a?T =% — g% Neuron a4 ends with

(2T +14)— (T'+i—k) = T +k spikes, which simulates system II starts to simulate

instruction I, of M,,.

The simulation of the SUB instruction I; : (SUB(1),1;, 1)) is correct: starting from
the simulation of the instruction /; (neuron et has T + i spikes), the system passes
to simulate the instruction {; (with neuron ot having T'+ j spikes) if the number
stored in register 1 is n > 0 and decreased by one, or to simulate the instruction [j
(with neuron ogtqt. having T + j spikes) if the number stored in register 1 is zero.

Similarly, we can check that system II correctly simulates a SUB instruction I; :
(SUB(2),1;,l)) acting one register 2. We omit the details here.

Outputting the computation result

Assume now that the computation in M, halts, which means that the halt in-
struction l,,, is reached. In system II, neuron o4 contains T+ m spikes and neuron
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oo has 7n spikes, for n being the number stored in register 0 of M,. Neuron ogqte
fires by the rule a’*™ — b, sending 6 spikes to each of neurons og, o1 and os.
Neurons o7 and o5 keep inactive, since no rule can be used. Neuron oy fires by rule
a*®(a”)*/a” — a", sending 7 spikes to neurons o4 and o, in each step. When neu-
ron oy contains 13 spikes, rule a'® — a7 is applied sending 7 spikes to neurons og4
and o4, and neuron og stops firing. Neuron o4 removes the 7 spikes (received from
neuron o) by forgetting rule one step later; but neuron o,,; sends one spike into the
environment by consuming the 7 spikes one step later. In this way, neuron o,,; sends
n spikes into the environment, which is exactly the number stored in register 0 when
register machine M,, halts.

From the above description of the work of system II, it is clear that the register
machine M, is correctly simulated by the system II, i.e., N(M,) = Ni(IT). We can
check that the system II has 8 neurons and neurons in system I have two components,
where extended spiking rules and forgetting rules are used. Therefore, we can conclude
Niot SN PsC Ry (extend, forg) = NRE. O

4. Conclusion and Discussions

In this work, we investigated how many neurons are needed to construct Turing
universal SN P systems with cooperating rules working in terminating mode. We
proved that 8 neurons are enough to construct Turing universal SN P systems with
cooperating rules working in terminating mode.

Except for the number of neurons, the number of rules in neurons is also a kind of
computation resource. So, it is necessary and of interest to consider the complexity
of rules, when we construct “small” universal SN P systems with cooperating rules.

It is of interest to give a boundary between university and non-university of SN P
systems with cooperating rules in terms of the number of neurons. Of course, here,
each neuron should have a finite set of rules, instead of an infinite set of rules as in [9].

In [7], five cooperating strategies were mentioned. The commotional power of SN
P systems with cooperating rules working in other cooperating modes is deserved to
be investigated.

In the proof of Theorem 1, the strategy used to simulate register machines is
different from the one proposed by A. Paun and G. Paun in [19]. Instead of using
a module (a group of neurons) to simulate an instruction of a register machine, we
use a class of rules in the neuron labelled with state to simulate an instruction of
a register machine. In this way, the number of neurons is significantly reduced for
constructing Turing universal SN P systems, compared with the results in [19]. The
universal SN P systems constructed in [19] are used as function computing devices.
It remains open whether we can modify the strategy used in this work to construct
small universal SN P systems with cooperating rules working as function computing
devices.

Reversible computing devices play vital roles in quantum computing. Reversible
SN P systems have been considered in [29], and it was proved that there exist Turing
universal reversible SN P systems as number generating and accepting devices. For
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further research, it is of interest to construct Turing universal reversible SN P sys-
tems with cooperating rules as number generating, accepting and function computing
devices.
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