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Abstract. One considers a finite set X (the alphabet), the code space X
of all sequences formed with elements (letters) from the alphabet X and B the
Borel sets of X°°. A concrete representation of all Sugeno measures on B is
given. This representation is, heuristically speaking, matricial, being inspired
by the concrete representation of all probabilities on B.
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1. Introduction

Classical measure theory is based upon the concept of additivity (or, which is
more, countable additivity). Recently, new necessities (theoretical and practical) im-
posed the study of monotone and (possibly) non additive measures, which we shall
call generalized measures. Now, these measures play an important role in describing
a lot of phenomena and are intensively studied. For instance, one can observe that
superadditive measures indicate a cooperative action or synergy between the mea-
sured sets, while subadditive measures indicate inhibitory effects, lack of cooperation
or incompatibility between the measured sets. Additive measures can express non
interaction, indifference.

It is a general opinion that the most important generalized measures are the
A—measures, introduced by M. Sugeno in his doctoral thesis [12] under the name of
fuzzy measures. Today, normalized A—measures are generally called Sugeno measures
([14]). Let us notice an important result due to Z. Wang ([13]) (see also [9], [14]) which
states that A—measures can be obtained from classical measures via composition with
a special increasing function, thus becoming quasi—measures.
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Aside from the mathematical interest of the Sugeno measures, their impact in
other domains of study should also be noticed. For instance, Sugeno measures on
P(N) are special cases of belief measures or plausibility measures (see [11], [14]). The
problem of the existence of A—measures on P(N) with preassigned values was recently
completely solved ([5]).

In the present paper, Sugeno measures on the code space will be considered. More
precise, let X be a finite set (the alphabet) whose elements are called letters. Let
X be the set of all sequences with terms from X. The space X° is called the
code space, its elements being called codes. Viewing X as the countable product
of countable many copies of the discrete space X, let B be the class of Borel sets of
X, The space X>° and its Borel sets B are of major importance in many branches
of mathematics, such as Dynamical Systems Theory (see, e.g. [2], [10]), Theory of
Fractals (see, e.g. [1], [7], [10]) and the Theory of Random Sequences (see, e.g. [3], [4])-

The present paper is dedicated to the study of the Sugeno measures on B. More
precisely, a concrete representation of these measures in a ‘matricial’ form will be
given.

The main theoretical tool used for this purpose is the monograph of Wang and
Klir ([14]). For measure theory notions, one can use [6] and [8].

2. Preliminary Facts

Throughout this paper N = {1,2,...,n,...} and Ry = [0,00). All sequences (x,)n
will be indexed with N. When writing (z,), C A, we mean that z,, € A for any n.

A. We shall consider a non empty set 7' with P (T) = {A|[ACT}.Let C C P(T)
be an algebra (of sets). A function p : C — Ry is called a monotone measure if
w(0) =0, pis increasing i.e. if A, B are in C and A C B, one has u(A) < p(B) and

1
 is not null (i.e. p(T) =a >0). Let A € (—7oo> .
a

We shall say that p satisfies the A — rule if, for any A, B in C such that ANB = 0,
one has:

p(AUB) = (A) + p(B) + Au(A) p(B)
(of course, 0 — rule means (finite) additivity).
More particular, we shall say that i is a A — measure if, for any disjoint sequence
(Eyn),, C Csuch that E= J E, €C, one has

n=1

> w(En) ifA=0
n=1

% <ﬁ (1+/\M(En))—1> i A #0
n=1

(of course, if p is a 0 — measure, it is o — additive). One can see that, if u is a
A — measure, it follows that p satisfies the A — rule (the converse assertion being
false).
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If u(T)=a=1and uis a A\ — measure, we say that u is a A\ — Sugeno measure.
In case there exists A € (—1,00) such that p is a A — Sugeno measure, we say that u
is a Sugeno measure.

Let M={p:C—Ry|pu(T)=1 and p is 0 — additive}. For any 0 # X\ € (—1,00),
we have the strictly increasing bijection hy : [0,1] — [0, 1], given via

A+1)* =1

ha (z) = 3

For any A € (—1,00) \ {0}, we write Sy = {m : C — R, |m is a A — Sugeno measure }.
A classical theorem of Wang ([13]) (see also [14]) says that there exists a bijection
VA : M — S, acting via V) () = m, where m (A) = hy (1 (A)), for any A € C.

B. Now, some basic facts about the code space.

Let 2 < p € N. We shall consider p distinct elements z1, z2, ..., x, (called letters)
and write X = {x1,22,...,2,} (call X the alphabet). In most cases one takes X =
{0,1,...,p—1}.

We can introduce X* = the free monoid generated by X namely X* is formed
with all words of the form © = ujus...u, (where u; € X) with length [ () = n and we
consider also, the empty word e € X*, with length [ (¢) = 0. For z,y in X*, we write
x < y to denote the fact that x is a prefir of y and this means: either z = e, or x =
ULU3... Uy 7# € and Yy = v1Vg... vy With m > n, such that vy = w1, vo = ug, ..., v, = Uy.
We accept that X C X*, i.e. z € X may be viewed in X*.

Now we introduce

X*©=X"={f:N— X}.
Namely, an element f € X will be considered as follows:
f=x=uwus...up...,

where u,, = f(n) for any n € N. So, the elements in X are sequences of elements
in X. We call the elements in X*° codes and X° is called the code space.

For any x € X*, we can form the set xX°°. Namely, if x = e, define eX*® = X
and, for x = ujus...u,, X is formed with all sequences v = v1vs...v,,... such that
U] = Uy, Vg = U3, ..., Uy = Uyp. Clearly, one has zX>° C yX* <y < x.

Considering the (metrizable and compact) topological space (X, T), where T is

the discrete topology, write (X, 7,) = (X, T) for any n € N. Then X = [ X,

and we can consider on X*° the topology U = the product topology of the top%légies
Tr. Then (X°°, U) is a metrizable and compact topological space. This space is
second countable, namely it has the countable base P = {zX*|r € X*}, formed
with sets which are both open and compact. The Borel sets of (X*°, U) will be
denoted by B.

Because P is a generalized semiring which generates B, it will be sufficient for
characterizing o — additive or Sugeno measures on B (i.e. such measures which
coincide on P must be equal and the values on P determine all the values).
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Caution: Within this framework, we shall denote from now on (see A.):
M={p:B—=>Ry|pu(X*®)=1and uis o — additive} .

For further purposes, write U, = {1,2, ..., p}.
A concrete description of the elements in M can be obtained as follows. Call
0 — distribution (on X*°) a sequence (D (n)),,, where:

D(1) = (a(1),a(2),....a(p)) = (a(i) <<,
D(2) = (a(iaj))lgigp,1§j§p
D(n) = (ali1,i2,.-in))1<i<, for k=120

(D(n) has p™ elements) such that:

a) For any n € N and any (i1, 2, ...,i,) € U}, one has a (i1, 2, ...,i,) > 0;

b) 3 a(i)= 1

e

c) For any n € N and any (i1, 42, ...,9n) € U}, a (i1, 2, ..,0n) = Y a (1,92, s in, 1)

i=1

The most popular 0 — distribution is the Bernoulli distribution, which is defined
using only the initial distribution D (1) : the transition distributions D (n), for n > 2,

are defined via a (41,42, ..., in) = a (i1) a (i2) ...a (in). If a (i) = —, for i = 1,2,...,p, we
p

have the uniform distribution.

Denote by Dy the set of all 0 — distributions. The announced concrete description
is given by the bijection Ty : Dy — M, defined as follows: Ty ((D (n)),,) = p, where
w:B— R acts, for any n € N and any (41,42, ...,9,) € Uy, via

(i, @iy, X°) = a (i1, 2, ..., in)
(here D(n) = (a (i1, s, ...,in))lgikgp).
Caution. In the following paragraph, we shall denote, for any A € (—1,00) \ {0}

Sy={p:B— Ry |uis a A — Sugeno measure }
(see A.) and

s= U s

A€(—1,00)\{0}
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3. Results

A. We will begin with an introductory part, containing results which will be used
at the end of the paper.

Lemma 3.1. Let C C P(T) be an algebra and p : C — R4 a monotone measure

1
with p(T) = a > 0. Assume u satisfies the X — rule, where A € (—a, oo). Let A, B
in C.

1. If p(B) = 0, one has p(AUB) = u(A\B) = u(AAB) = u(A), ie. u is
null — additive.

2. If u(A) = a, one has p(B) = p(BNA) (in particular u(B) = 0, whenever
BNA=0).

3. If0 < n(A) < a, it follows that 0 < u(T\A) < a.

Proof.
1. Because AU B = AU (B\A), we have

1(AUB) = p(A) + 1 (B\A) + A (A) 1 (B\A)
and u (B\A) = 0.
Consequently, because A = (A\ (AN B))U (AN B), we have
1(A) = p(A\ (AN B)) = u(A\B).
It follows, because AAB = (AU B)\ (AN B), that u (AAB) = p (AU B) = pu(A).
2. Assume first BN A = (). Then

a=p(AUB) = p(A)+pn(B)+Au(A) pn(B) = a+ p(B) + Aap (B),

hence p (B) (14 Aa) = 0. We get u (B) = 0, because 1 + Aa > 0.
In the general case, B = (BN A)U(B\A) with (B\A)NA = 0, hence u (B\A) = 0.
We have p(B) = p(BNA)+ pu(B\A) + Ap (BN A)u(B\A) = (BN A).

3. If u(T\A) =0, we have (with 1.): (AU (T\A)) = (4), i.e. u(A) =p(T),
false. If p (T\A) = pu (T'), we have, for any B € C (with 2.): p(B) = u (BN (T\A)).
For B=A:pu(A) =p(0) =0, false. O

Theorem 3.2. Let C C P (T) be an algebra and p: C — Ry a monotone measure
with u (T) = = a > 0. The following assertions are equivalent:

1
1. @ is a A — measure for any A € (,oo).
a
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1
2. There exist X # N in (—, oo) such that p is at the same time a A\ — measure
a

and a X' — measure.

3. p is o — additive and T is an atom of u, i.e., for any A € C, one has either
p(A) =0 orp(A)=p(T)=a.

Proof.
1. = 2. is obvious.

2. = 3. We prove first that T is an atom. Assume the contrary, i.e. find A € C
such that 0 < p(A) < p(T), hence 0 < p (T\A) < u (T, according to Lemma 3.1., 3.
Then a = 1.(A) + j (T\A) + A (4) 1 (T\A) = 1 (A) + o (T\A) + X (A) (T 4) =
0=A=-XN)u(A)u(T\A) = X=X, false.

Now, we prove that p is o — additive. Because A # )/, we can assume that \ # 0.
Let (E,),, C C be a disjoint sequence such that F = B E, €C. Then

n=1

mm—i<na+Mmm»Q.w>

In case p (E,) = 0 for any n, one has (from (x)): p(E)=0= > p(E,).
n=1

In case there exists ng such that u(E,,) > 0 we have u(E,,) = ¢ (T). Hence
w(Ey) = 0 for all n # ng, according to Lemma 3.1, 2. Hence, from (x), we get

> =

p(E) =< L+ (Epy) = 1) = p(T) =Y p(En).

1
3. = 1. Let A € (—, oo | arbitrarily taken. In case A = 0, to say that pis a 0
a
— measure means to say that u is o— additive, true.

Now, let A # 0. Let (E,),, C C be a disjoint sequence such that £ = |J E, € C.

n=1
In case u (F,) = 0 for any n, equality (x) is verified, because u (E) =0= > p(E,).
n=1

In case there exists ng such that p(E,,) > 0 we have u(E,,) = pu(T). Hence
w(Ey) = 0 for any n # ng, because, forsuchn: pu(E,) = p(Ep, UE,) —p(Ey,) <
w(T) — p(En,) =0. Hence p (E) = p(Ep,) = p(T) and (x) is again verified. O

Recall that, if € X°°, the Dirac measure 0, : B — Ry is defined via 0, (A) = 1,
if v € Aand 6, (A) =0, if v ¢ A. Then J, is o— additive and X is an atom of d,.
Let us denote by DIR the set of all such Dirac measures, i.e. DIR= {§,|z € X*°}.
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Theorem 3.3.
One has the equality (Write here Sodzef./\/l>

(1 S\=DIR
A€(—1, 00)

Proof. Theorem 3.2. says that

(1 S=4

AE(—1,00)

where A is the set of all o— additive measures p : C — Ry such that 4 (T) =1 and T
is an atom of u. Because every Dirac measure is such a measure, we have the inclusion
DIR C A.

To prove the converse inclusion, let m € A and let us find z € X such that
m = §,. We have successively:

1=m(X>)= Z m (uX®)

ueX

and we find uy € X such that m (u; X*°) > 0, hence m (u1 X*°) = L and m (uX>°) =0
for u # w;. Continuing:

1=m(uX>)= Z m (uguX )

ueX
and we find uy € X with m (u1usX*°) = 1 and m (wwvX>°) = 0 for any uv # ujus.
Continuing the procedure, we find a sequence x = ujus...u,... € X such that

m (ugug...u, X°) = 1 for any n € N.
Clearly, {z} = ﬂ U Ug...un X >, hence m ({z}) = hmm(uluQ R X ™) = 1. Take

AeB. If x € A, one has 1>m(A) >m({z}) =1, hence m(A) =1.If x ¢ A, one
has m (A) = ((A U{z})\{z}) =m(Au{z}) —m{z}) =1—-1=0. We used the
fact that m € Sy. Conclusion: m = d,,. O

B. We present the announced correspondence. The first basic definition is:
Definition 3.4.
Let A € (—1,00) \ {0}. A X — distribution is a sequence (D) (n)),, where:
DA (1) = (ax(1),ax(2),..;ax(p)) = (ax (i))lgigp

)

Dy (2 (ax (4, 5))1<i<p, 1<j<p

Dx(n) = (ax (i1 d2,vin))1<s<p, fork=1,2,..n
with the following properties:

a) For any n € N and any (i1, 12, ...,i,) € U}’ one has:
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o if —1 < A <0, then 0 < ay (i1,12,...,0n) < 1;
e if A >0, then ay (i1,i2,...,4,) > 1.

p
b) [Tax(@)=X+1

i=1
c) For any n € N and any (iy, 42, ...,4,) € U} one has

p

ax (i1, g, o in) = [ [ ax (i1, 2, . in, ).
i=1

Notation:
For any A € (—1,00) \ {0}, we shall denote by D, the set of A — distributions.

The first correspondence is given by:

Theorem 3.5.
Let A € (—1,00) \ {0}. We have the bijection Ty : Dy — Sh, described as follows:

a) Let (Dx(n)), € Dy, where Dy (n) = (ax (i1,42,...,in))1<;, <, a8 previously. Then
a) (il,ig, ) Zn) —1
3 .

Ty ((Dx (n)),,) = m, where m (x;, z4,...x;, X°) =
b) The inverse Zy = Ty ' : Sx — Dy acts via Zy (m) = (Dy (n)), where Dy (n) =
(ax (@154, in)) 1 <4, <p 18 Such that ay (i1, iz, ..., i) = 1+Am (24, 4, .25, X°°).
Proof.
1. First, we define a bijection Ly : Dy — Dy.
To this end, let (Dx (n)),, € Dx with Dy (n) = (ax (i1,42,...,9n));<;, <, - Define
a (il,ig, ceny Zn) = log)\_H a) (il,ig, ceny Zn) .

We will show that, writing (D (n)),, with D (n) = (a (i1, i2, ..., in)),<;, <, » On€ has
(D (n)),, € Do, hence we have the function Ly : Dy — Dy given via

Ly ((Dx (n)),,) = (D (n)),, -
In any case,
A+ 1)a(i1’i2""’i”') = ay (i1,%2, - 0n) ,
hence:

o if -1 <A<0,0<A+1<1, logy,, is decreasing and 0 < ay (i1, 4z, ...,in) < 1
= a(i1,i2,...,9,) > logy,, 1 =0.

o if A\>0, A+1>1, logy,, is increasing and ay (iy,42,...,7p) > 1 =
a(iy, i, ...,in) > logy, 11 =0.
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p P p
Za(i) = Z:log)\Jr1 ax (i) = logy Ha,\ (1) =logy (A +1) =1

i=1

For any n € N and any (i1, 42, ...,4,) € U} one has

P
Za (11,92 vovy Tny 0 Zlog)\+1 ay (41,42, ..., in, 1) = logy 11 HaA 11,02y wey in,y 1) =
=1 =1 =1

= IOg)\+1 a) (i17i2, ,’Ln) =a (il,ig, vesy Zn) .

The next step is to show that the just defined function Ly : Dy — Dy is a
bijection. The injectivity follows from the fact that log,,, is an injection. As for
the surjectivity, pick arbitrarily (D (n)),, € Do, with D (n) = (a (i1, i2, ., in))1<i <p -
Define ay (i1,i2,...,in) = = (A+ 1)a(i1’i2""’i") and prove that, writing Dy (n) =
(ax (91,925 -+ n)) <4, <p » OB has (Dy (n)),, € Da.

Omne checks first that —1 < A < 0 = 0 < ay (i1,02,..,0n) < 1; A >0 =
p p S a(i)
ax (41,49, ..., in) > 1. Next, one sees that [[ ax (1) = [[ A+ 1D = A+ 1= =
i=1 i=1
=(A+1)#1. Finally,
H ax (i17i2a-~-7in7i) (A—i_l)i: B =

i=1

=(A+ 1)izind = g (41,92, vy n).-

Consequently, (Dy (n)),, € Da.

Now, we see that Ly ((Dx (n)),,) = (D (n)),,, because logy ax (i1,i2,...,0n) =
= a (41,12, ...,4,) and the surjectivity of Ly is proved.

2. Point b) in the enunciation is obvious. Let us prove point a). Having the bi-

jection Ly, we consider the schema (containing only bijections) for A € (—1,00) \ {0}:

D,\—)Do—>M S)\

and define T = V) 0Ty o Ly. Point a) in the enunciation will be proved when we will
show that the action of T) is that one described in the enunciation. So, let us write
for (D (n)),, € Dy as above, T ((Dx (n)),,) = m.

Indeed, if Dy (n) = (ax (i17i2v---vin))1gik§pa we get Ly ((Dx (n)),) = (D(n)),
with D (n) = (a (i1, 42, .-, in))1 <4, <pp» DaMely a (i1, 42, ..., 0n) =10gx 1 ax (i1, 42, ..., in).
Next: Ty ((D (n)),,) = u, with

1% (l‘ill‘iQ...l’inXoo) =a (il, i27 7'Ln) = lOg)\+1 a) (il,ig, ,Zn)
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Finally, V) (1) = m, where

(A + 1)2Unizenind g Gy () iy i) — 1

m (24, iy Ty, X)) = 5 = 3

d

We pass to the second stage — the ‘globalization’. The second basic definition is:

Definition 3.6.
A general distribution is a sequence (P (n)), , where

P1) = (b(1),0(2),.,0(®) = b()i<i<,p
P2) = (b010)i<i<p 1<i<p
) e

with the following properties:
p
i) l:[lb(i) =be€ (0,00)\ {1}

ii) For any n € N and any (i1, iz, ...,9,) € U}, one has
e if 0 <b<1,then 0 < b(i,iz,....,0n) < 1;
o if b > 1, then b (iy,i9,...,40,) > 1.

iii) For any n € N and any (i1, iz, ...,i,) € U]}, one has

P

by, i, ownrin) = [ [ i1,i2, oerin, 1).

i=1

Notation: We shall denote by D the set of all general distributions.

Lemma 3.7. One has the equality

D= U D,

Ae(—1,00)\{0}

the union being disjoint.

Proof. The fact that the union is disjoint follows from the Definition 3.4.

First, pick arbitrarily A € (—1,00) \ {0} and (Dy (n)),, € Dx and prove (Dy (n)),, €
€ D. Indeed, let Dy (n) = ay (i1,i2,...,i,) and write b = [] ax (i) = A + 1, hence

i=1
b e (0,00)\ {1}. One checks the properties.

To prove the converse inclusion, pick arbitrarily (P (n)), € D, with P (n)
p
(b (i1, 42, .-,0n))1<j <, Then b = Hlb(i) € (0,00)\ {1}. Define X via A +1 =

hence A € (—1,00) \ {0} and check that (P(n)), € Da.

o <
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Taking advantage of the fact that the union defining D is disjoint, we define a func-
tion T': D — S, which will be the second correspondence (and this correspondence is
global).

Definition 3.8.

The function T': D — S is defined via T'((P (n)),,) = Tx (P (n)),,) if (P (n)),, €
€ D,.

From operational point of view, we explain the definition as follows:

a) Take (P (n)), € D arbitrarily.

b) Tt P(1) = (b(i)), <sc, , compute b = E[lb(i) € (0,00)\ {1}.

7

c) Obtain A € (—1,00) \ {0} from the equation A+1 =b < A = b— 1. It follows that
(P (n)), € D,

d) Finally define T'((P (n)),,) = Ta (P (n)),,)-

Theorem 3.9.
The function T is surjective.

Proof. Let m € S. Then, there exists A € (—1,00) \ {0} such that m € Sy. Using
the bijective map Ty : Dy — Sx, we get an (unique) (D) (n)), € Dy such that
Tx((Dx (n)),,) =T ((Dx (n)),,) - O

The function T is not bijective, because it is not injective. We shall use the
introductory results, A., to study the non injectivity.

Theorem 3.10.
The function T is not injective. More precisely, for any x € X°°, the set T~! ({5, })
18 infinite.

Proof. Let x € X°°. As we have seen, §, € (1l Sh, according to Theorem 3.3.
AE(—1,00)
For a fixed A € (—1,00) \ {0}, we can use Theorem 3.5: one has ¢, € Sy, hence there

exists an unique (D) (n)),, € Dy such that T\ ((Dx (n)),,) = 6z = T ((Dx (n)),,). And
this shows that (D) (n)), € T~ (6,).
We shall construct this (D) (n))

construct Dy (n) = (ax (u1, U2, ..., Un))1 <y, <, for k=1,2,...,n as follows:

ne Write x = x;,4,...2;,... For any n € N, we

)\ + 1, if (ul,ug, ...,un) = (i17i27 ~-~7in)
ax (U1, Uy ..., Up) =
1, if (Ul,UQ, ,un) 7é (il,i27 ,Zn)

One can check immediately that (Dy (n)), € Da.
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Then, if m =T ((Dx (n)),,) =T ((Dx (n)),,) one has

A+1-1 . . .

— = 1, if (uy,ug, ..y n) = (i1, 92, .y in)
M (Toyy Ty Ty, X ) =

1-1

T = 0, if (ul,u2, ,un) 75 (il,ig,...,in)

This shows that m (A) = é, (A) for any A € P, i.e. m = d,. We have proved that
(Dx (), € T~ ({5,}):

Doing this construction for all A € (—1,00) \ {0} we get the respective (Dy (n)),,.
Hence, one can see that 771 ({6, }) is equal to the set of all (Dy (n)),, constructed as
above, which are different for different . Hence 7! ({6, }) is infinite. O

4. Conclusion and future work

The results obtained in the present paper can be viewed as an instrument of
work in various directions. For instance, one can perform concrete computation of
Choquet and Sugeno integrals of positive measurable function (here they are sequences
of positive numbers) with respect to Sugeno measures on B. Another direction of work
can be the study of cellular automata, the states of an elementary cellular automaton
being either elements of X™ or of X°°, where X = {0, 1}.
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