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Abstract. The paper studies the set invariance properties exhibited
by the linear dynamics of interval matrix systems (abbreviated IMSs).
The considered sets have non-symmetrical shapes defined by arbitrary
Holder p-norms and are exponentially contractive (with exponential time-
decrease). For such sets we provide two types of results that allow invari-
ance tests: (i) sufficient conditions for 1 < p < oo, (ii) necessary and
sufficient conditions for p € {1,00}. Our approach includes, in general-
ized forms, results previously reported by other works referring to either
non-symmetrical sets invariant with respect to single-model systems, or
symmetrical sets invariant with respect to IMSs. Our presentation fo-
cuses on continuous-time IMSs, whereas the discrete-time case is briefly
addressed by the key elements of a basic analogy. An example already
used in the IMS literature illustrates the applicability of our theoretical
developments.
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1. Introduction

1.1. Notations

Let # = [21...2m) € R™ be a vector. The Hélder vector p-norm is de-

fined by ||z||pm = [lz1|P + ... + \xm|p]1/p for 1 < p < o0, and by ||Z||com =

max, i |z;| for p = oo.
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Let A = [a;;] € R™*™ be a square matrix. The matrix norm induced by the
vector p-norm is defined by ||A|pm = Hlllaﬁ ||Az||pm for 1 < p < oo.
z€R™, [|z||p m=1
The matriz measure of A is given by ||, . (A) = }1]1{‘%% ] Ly + RAl|p.m — 1],
where I,,, stands for the unit matrix of order m. Fact 11.15.7 from [3] gives the
expressions of the induced matrix norms and the corresponding matrix measures
in the particular cases when p € {1,2, 00} as:

m
m
Al = max 3™ Jagg |, oy, (A) = max Qaz+ 3 Jai |
j=1m j=1lm i=1itj

1/2

|| AHQ,m = ()\max(ATA)) P M2,m(A) = %)\max(A + AT)7

m m
| Alloom = max > lag |, pyy o, (A) = max $a+ Y |ay|
i=1,m i=1m . .
Jj=1 J=1, j#i

1.2. Paper goal and structure

The paper explores the invariance properties exhibited by the trajectories
of interval matriz systems (abbreviated as IMSs) relative to several classes of
non-symmetrical sets presenting an exponentially decreasing time-dependence
(or, equivalently, an exponential contraction).

The IMS dynamics are described in continuous-time by

i’(t):Afﬂ(t),l’(to)zl'o,t,to€R+,t2t0,A€A, (1)
where the set of square matrices

A:%AeR”XﬂASAgA}:[A,A}, 2
A= Qij] ; A= la;], A=lay] e R™™,
is called an interval matriz.

An IMS of type (1) represents a multi-model system, which facilitates the
mathematical description of linear dynamics affected by uncertainties, in the
sense that the incomplete knowledge of values a;; is addressed in terms of known
lower and upper bounds a;; < a;; < a;;. The trajectory of an IMS correspond-
ing to a certain initial state g € R™ must be understood as the group of tra-
jectories generated by xg € R™ as initial condition for all single-model systems
with A € A. Subsequently, the invariance properties of the IMS trajectories
refer to the whole group of trajectories associated with any individual system
whose matrix A belongs to the set A.

Our study of IMS invariance focusses on contractive sets with non-symmetrical
shapes, defined as follows:
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Let [|-[|, 5, be the Holder p-norm in R2" with 1 < p < oo, and for any vector

x =[x, ..., a:n]T € R”™ define a non-negative vector x € Ri”, as follows
o xt 2n + + + T - - T n
T=| - € R4", where 27 = [xl ,...7xn] , T = [xl ,...,xn] e R”,
with 2] = max{0,2;}, z; = max{0,—z;}, i =1, n.

(3)
Let D = diag{d{,...,d}}, D~ = diag{dy , ...,d, } € R}*", with d,d; >
0, i = 1,n, be two positive definite diagonal matrices, and

I D+ On n 2nx2n
The sets described by
Cp{zeRﬂ‘f):iH . g1}cR", (5)
p,an

are non-symmetrical and may have arbitrary shapes. They allow us to define
the time-dependent sets

Kp:Ri=R™, Ky(t) =e*Cp,a <0, (6)

which are contractive for a < 0, and constant for & = 0. In accordance with
[4], we say that the non-symmetrical set ICp,(¢) (6) is invariant with respect to
(abbreviated w.r.t.) IMS (1), if any trajectory x(¢;tg, o) of IMS (1) initialized
at to in K, (to) does not leave fCp(t) for any t > ¢, i.e.

Vit € R+7V$0 € R", ﬁiﬂf(to,xo)

<1l=
p,2n

= Hf)i(t, x(t; to, :co))H < et=to) vt > .
p,2n
We also consider the non-symmetrical Lyapunov function candidates of form

VY, R* 5 Ry, Vy(a) = Hf)i” , (7)
p,2n

because the theory of contractive-set-invariance for IMSs is strongly related to
the existence of common Lyapunov functions, as resulting from our works [13]
and [14] (where the discussed invariant sets are symmetrical). Details on the
general aspects of the connection between invariant sets and Lyapunov functions
can be found in the monograph [4]. Besides the two papers mentioned above [13]
and [14] (that focused on IMSs), the problem of common Lyapunov functions
for classes of systems (not necessarily IMSs) was also discussed by [7], [10],
[6], [1], [9], [11]. It is important to notice that the invariant sets, as well as
the Lyapunov functions considered by all these cited papers have symmetrical
forms.
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In the current work devoted to IMS dynamics, the exploration of invariant
sets with non-symmetrical forms (6) is inspired by the existence of some results
referring to single-model systems, as in [2] and the generalization constructed
in our work [12]. Relying on the background for single-model dynamics, we are
able to approach the interval-model dynamics and provide invariance conditions
for non-symmetrical sets K(t) of type (6); the conditions to be presented in the
remainder of the text are sufficient for all 1 < p < oo (part 1 of Section 2),
and necessary and sufficient for p € {1,00} (part 2 of Section 2). Section 3
discusses several aspects related to the invariance of the non-symmetrical sets (6)
w.r.t. IMS (1), such as: practical utilization of the conditions derived in Section
2; correlation between the non-symmetrical Lyapunov function candidates (7)
and set-invariance; particular case of symmetrical invariant sets; approach to
discrete-time IMSs. Section 4 illustrates the applicability of our theoretical
developments, by the help of an example already used in the IMS literature.

2. Main results

2.1. Sufficient conditions for set invariance

Theorem 1. Let 1 < p < oo. Consider an IMS of form (1) and a non-
symmetrical time-dependent set IKCp(t) of form (6).

Introduce the set of matrices U = {U’ € R?"*27| [J defined by Table 1},
where:

77 gt gt 2nx2 11 22
U: U21 U22 ER nx n, U ,...,U ERnxn, (8)
and the entries of matrices Ut = [u}jl], Utz = [ullf], U = [ufjl], U?? =

[u?ﬂ,i,j =1,...,n, are given by Table 1.
The non-symmetrical set (6) is invariant w.r.t IMS (1) if

U) <a. 9)

IAX .|

Ueu p2n

Proof. Let A be an arbitrary matrix satisfying A < A < A, and construct the
essentially non-negative matrix

. A1l 412
:[1[121 A22

:| c RQ’RXQTL, (10)

where A1l = A2 — A+ = [aj'j] € R™™" with a;; = max{0,a;;}, i # j,
i,j = 1,m, a; = ai, i = I,n, and A2 = A%! = A~ = [a;j] € R™™" with
a; = max{0, —a;;}, i # j, i,j = 1,n, a;; =0, ¢ = 1,n (in accordance with the
utilization of the non-negative vector # € R?" (3) detailed by our previous work
[12].
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Table 1. (used by the statement of Theorem 1). Entries of matrices U'' = [u}jl],
U = [ul2], U = [u2], U = [u®2], i = 1,....n

Condition
i, on interval u21]1 ullf u?]l U?JQ
[Qijv aij]
i=3 ai; €R g 0 0 Qii
. < _df = dy
i#j | 0<ay; Gij o F 0 0 Qg 5=
7 2
_ d d;
Q5 S 0 0 _Qij dil_ _Qi]' dilﬁ— 0
J Vi
a,, < 0 < | _ 4af _dr
_ A5~ 0 0 aij—=
. d] d;
a” j J
OR
dF d;
_ 7 —_ i
0 Qij dj_ Qi]' d;’ O

Hence, the essentially non-negative matrix DAD~! € R2"*2" can be written
in block form

Bip-1- | (DAD™Y) " (DAD™H™ |
(DAD! (DAD™1)
_ | (o ADH T (DHARD) T )
(D7)A* (D)™ (D7)A%(D)
_ l (DH)AH(DT)™" (DH)A~(D7)!
[ )ar@H (parD)

Table 2 presents the entries of the matrix DAD ™! together with their majorants

expressed in terms of the interval bounds a;;, a;;.

Table 2. (used by the proof of Theorem 1). Entries of the matrix DAD™!
majorized in terms of the interval bounds Q55 Qij

b R A 111 AT A—1\12 R A —1y\21 BT A—1\22
N Distinct | (DAD™ ")} =| (DAD™")}? = (DAD ')} 5 (DAD )7 =
i | cases — gl _ g2 —a2lh = a2
for a;; ) df Yo Voat g
i1=7 | ai €ER | au < ai 0 0 aii < Qg
aF d;
@ij oF < e <
i#j | 0<ayy d?f 0 0 .
Qij Aij—=
] i, d;
a7 d
(227} d; S —Qqj d:’ S
az‘j < 0 O dj+ di 0
a, -t a, ¢
=17 4= =15 4t
d; d]
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Regardless of the concrete values of the entries a;; of a matrix A € A,
there exists a matrix U € U of form (8) which majorizes the associated matrix

DAD™!. Since both DAD~! and U are essentially non-negative, the compo-
nentwise inequality DAD~! < U implies ,u”_Hp‘Qn(ﬁflf)_l) < ([7) Thus,
for any A € A the inequality l“H'H,,,gn(DADil) < « is fulfilled in accordance
with hypothesis (9), and Corollary 1 in [12] ensures the invariance of the non-
symmetrical set /C,(t) of form (6) w.r.t. the trajectories of the single-model
system defined by the considered matrix A. As A € A is an arbitrary matrix,
the invariance is guaranteed for all trajectories of IMS (1), once hypothesis (9)
is satisfied. O

p,2n

2.2. Necessary and sufficient conditions for set invariance

Theorem 2. Consider an IMS of form (1).
a) Let p = 1. Introduce the matriz

Ut 0
U1 = |: 0 U22 :| G]R?n><2n7
_df d+ . . _
[Ull]ij = max{ai; =, —a;; 55} 0 # J, [Ull]“ = Qi (12)
J J
ar _ do . . _
[UQQ] i maX{_Qijf’ @ijf b # [U22} i = Qii-

The non-symmetrical set KC1(t) of form (6) is invariant w.r.t IMS (1) if and
only if
-l ., (U1) < (13)

b) Let p = co. Introduce the matriz

vt o
Uoo — |: 0 U22 ] ERQnXQn7
+ +
[UY],, = max{ay %, —a; 5} 0 # 5, [UY], = s, (14)
J J ’
I N _
[UQQLJ' = max{_Qijﬁa aijf boi# g, (U] i = Qi

The non-symmetrical set K (t) of form (6) is invariant w.r.t IMS (1) if and
only if

JURT (UOO) < a. (15)

,2n

Proof. a) For p =1 the following equality holds true

max ., (U) = gy, ,, (U1). (16)
Ueld ’

Sufficiency: From (13) and (16), hypothesis (9) of Theorem 1 is satisfied.
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Necessity: Given an arbitrary matrix A € A, the set Ky (t) of form (6) is invari-
ant w.r.t. the single-model system defined by A; Corollary 1 and Remark 1 in

[12] yield the inequality - o (DAD™1) < . On the other hand, any matrix

U € U considered by Theorem 1 can be built as U = DAD™!, corresponding
to a certain A € A. In other words inequality (9) is satisfied, and, relying on
equality (16), inequality (13) is satisfied too.

b) The proof is similar to the proof of a). O

3. Discussions

General exploitation of Theorems 1 and 2. If an interval matrix A € A
includes ¢ < n(n — 1) bipolar intervals [a;;, @;;], @ # j, with a;; < 0 < a;;, then
the matrix set U requested by the hypothesys of Theorem 1 (for 1 < p < o0)
contains 29 distinct matrices U of form (8). Apparently this fact could represent
a disadvantage for applications, but one must take into account that the bipolar
intervals [a;;, @;;] have rare motivation in practice; the uncertainty of a matrix
entry regularly means unknown values, but with the same sign. Obviously, for
an interval matrix without bipolar intervals, the matrix set U includes a single
test matrix.

The particular forms of matrix measures corresponding to p € {1, 00} sim-
plifies hypothesis (9) of Theorem 1, so as Theorem 2 uses a single test matrix,
regardless of the unipolar or bipolar form of the intervals defining A of the IMS.
Theorem 2 (b) provides an equivalent form of Theorem 3 in our previous work
[15] that was formulated as a necessary and sufficient condition for the compo-
nentwise exponential stability of IMSs. This equivalence is not an unexpected
result, because the componentwise exponential stability represents a particular
type of stability that individually constrains each state variable, by acting as
an invariant contractive rectangular box, with exponential decrease.

Connections to non-symmetrical Lyapunov function candidates. The
invariance of the non-symmetrical sets K,(¢) of form (6) w.r.t. IMS (1) is
equivalent to the decrease of non-symmetrical functions V,(z) of form (7) with
the rate o < 0 along any non-trivial trajectory of IMS (1), i.e.

D Vp(a(t) = pimy Vet +0)) = Vo(a(t)] < aVy(a(t)). (17)

This equivalence can be proven by considering the results available in [4] for
single-model systems, applied to a generic system defined by a matrix A € A.

Thus, the current remark is able to generalize the existence of non-symmetrical
Lyapunov functions initially studied in [2] for the discrete-time dynamics of
single-model systems with p € {1,2,00}, to the continuous-time dynamics of
IMSs with 1 < p < cc.
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Particular case of symmetrical invariant sets. The invariant set candi-
dates IC,(t) have form (6), with C, (5) replaced by

C, = {x €R"||Da|,, < 1} C R, D = diag{dy,...,ds} €R", (5

where d; = d = d; > 0. The test of Theorem 1 can be simplified accordingly,
and condition (9) is replaced by

1) {1, (DUD™!) < @, 1 < p < o0, )

where
— .. nxn o max{\t‘liﬂ, |Qij|}, if 4 #]7 ,
U_[UZ]]GR ,Uz]_{ C_l”,ifZ:]. (8)

Indeed, consider an arbitrary matrix A € A and introduce the essentially

. N . . iil, if i #3 .
non-negative matrix A = [a;;] € R"*", a;; = { |ZZ_J_" % 27_&; . The matrix
(A2N) -

measure properties ensure the inequalities 11| ||, . (DAD™Y) < py . . (DAD™1)
and g |, (DAD_l) < W) lpim (U), showing that VA € A : HUL {pm (DAD™1)
< 1 11y (U):

For p € {1,00} inequality (9’) also represents a necessary condition for
the invariance of contractive symmetrical sets defined by (6) with (5°). In-
deed, given an arbitrary matrix A € A, the invariance of the symmetrical set
K1(t) of form (6) with (5’) w.r.t. the single-model system defined by A implies
(] |1, (DAD™) < o, as per [8]. At the same time, there exists a matrix A € A
for which the equality z; ||, ,(DAD™) = g ||, (U) holds true.

The above particularizations yield results already formulated by our previous
works [13], [14] that focused exclusively on symmetrical invariant sets for IMSs.

Approach to discrete-time IMSs. The analysis of non-symmetrical invari-
ant sets can also be developed with respect to IMSs with discrete-time dynamics

.I(t + 1) = AI(t),l‘(to) =xg,t,tg € Zy,t > ty, A€ A, (18)

where the interval matrix 4 has the same meaning as in (2). By using the
non-symmetrical constant set C, of form (5), we define the time-dependent sets
(similar to (6), but with discrete-time description):

Kp:Ry=R", Ky(t) =a'Cp, t€Zy, 0<a<1. (19)

Theorems 1 and 2 can be restated mutatis mutandis for discrete-time, by taking
into account the following two aspects: (i) the partitioned matrix A € R?nx2n
(10) should be built as a non-negative matrix and the diagonal entries are
constructed identically to the off-diagonal ones (see e.g. [2]); (#) matrices

U, Uy, Us € R2727 i (8), (12), (14) respectively, are non-negative (instead
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of essentially non-negative), and inequalities (9), (13), (15) are formulated in
terms matrix norms (instead of matrix measures).

4. An example

Consider a second order IMS of form (1) defined by the matrices

A_{_f —16]’A_[_53 —24}’ (20)

which was previously studied in paper [5] that proved its asymptotic stability.

We are going to explore the existence of non-symmetrical invariant sets of
form (6), with p € {1,2,00}, D = diag {d{,d},dy,d; } € R{** and the con-
traction rate o = —1/4.

The use of Theorem 1 yields a unique test matrix U € R*** of form (8)

: 1 _ -3 2dy /dy 22 _ -3 2dy [dy 12 _

R s e [ el s
U?! = 0yx2. This uniqueness is explained by the unipolarity of the intervals, as
commented in Section 3. It also means that in Theorem 2 we have the matrix
equality U = U; = Us, not only the measure equality (16) used by the proof of
Theorem 2. _

For p = 1, inequality (9) means M- (U) < —1/4 and it can be satisfied if

o
%, % € [L80 1] Hence, any set Ki(t) of form (6) defined by

a matrix D € Ri“ fulfilling these conditions is invariant w.r.t. IMS (1), for
instance Dy = diag {15,8,20,11}.
For p = 2, inequality (9) means py., (U) < —1/4 and it can be satisfied

b
if and only if Z—L, Z—i € [\/85_35825 , \/85"’35825} Hence, any set Ky(t) of form
2 2

and only if

(6) defined by a matrix De Ri“ fulfilling these conditions is invariant w.r.t.
IMS (1), for instance Dy = diag {9,5,7,5}.
For p = oo, inequality (9) means y._ (U) < —1/4 and it can be satisfied

%, % € [22, 2]. Hence, any set Ko (t) of form (6) defined by

a matrix D € R4 fulfilling these conditions is invariant w.r.t. IMS (1), for
instance Do = diag {4,3,11,8}.

There exist invariant sets Ky (¢) and KCa(t) with o = —1/4, defined by the
same matrix E(Lg) € Ri“. There also exist invariant sets KCa(t) and Koo ()
with & = —1/4, defined by the same matrix 5(2,00) € Rﬁ_“. Nevertheless, one
cannot find invariant sets K1(¢) and Koo (t) with o = —1/4 , defined by the
same matrix 5(1,00) € Ri“. This is because for the bounds found above we

85—v/825 _ 32 _ 33 _ 160 _ 165 85+1/825 :
have e <<y < << 25—, and Theorem 2 provides

a necessary and sufficient condition for p € {1, c0}.

if and only if
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5. Conclusion

The paper develops a comprehensive framework for set-invariance analysis
with respect to IMS dynamics. The main novelty of the study consists in han-
dling several classes of invariant sets with non-symmetrical shapes, problem
which was formerly addressed only for single-model systems, but not for IMSs.
Thus, the current framework is able to accommodate generalizations of some
older results referring to either non-symmetrical sets invariant with respect to
single-model systems, or symmetrical sets invariant with respect to IMSs. The
considered example uses an asymptotically stable IMS and discusses the appli-
cability of the invariance conditions developed by our work.
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